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Abstract

This paper explores the robustness of Guerre, Perrigne and Vuong�s (2000) two-step non-

parametric estimation procedure in �rst-price, sealed-bid auctions with n (n � 1) risk averse

bidders. Based on an asymptotic approximation with precision of order O(n�2) of the intractable

equilibrium bidding function, we establish the uniform consistency with rates of convergence of

Guerre, Perrigne and Vuong�s (2000) two-step nonparametric estimator in the presence of risk

aversion. Monte Carlo experiments show that the two-step nonparametric estimator performs

reasonably well with a moderate number of bidders such as six.
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1 Introduction

In this paper, we explore the robustness of Guerre, Perrigne and Vuong�s (2000) two-step nonpara-

metric estimation procedure in �rst-price, sealed-bid auctions with a large number of risk averse

bidders.

The seminal work by Guerre, Perrigne and Vuong (2000) has shown that the underlying distri-

bution of bidders�values is nonparametrically identi�ed from the observations of submitted bids in

�rst-price, independent private value (FP-IPV) auctions with risk neutral bidders. Based on the

equilibrium bidding behavior, they propose a two-step kernel-based estimator for the latent density

of bidders�private values wherein the unobserved private values are estimated in the �rst step. The

proposed two-step estimator is optimal in terms of the uniform convergence rate. As the private

values are estimated from submitted bids, the best uniform convergence rate of this �indirect es-

timation�problem (Groeneboom, 1996) is slower than the best uniform convergence rate given by

Stone (1982) when the private values are observable. However, when bidders are potentially risk

averse, Campo et al. (2006) have shown that the distribution of bidders�private values and bidders�

utility functions in FP-IPV auctions cannot be nonparametrically identi�ed from observed bids. To

estimate the latent density of bidders�private values, it is necessary to specify the utility function

parametrically. They propose a multi-step semiparametric estimation procedure wherein the utility

function is recovered parametrically in the initial steps. In deriving asymptotic properties, both

works assume that the number of bidders n in each auction is �xed and the number of observed

auctions L approaches in�nity.

On the other hand, as n goes to in�nity, it has been shown that the discrepancy between risk

averse bidding behavior and risk neutral bidding behavior is of order O(n�2) (Fibich, Gavious

and Sela, 2004) and the discrepancy between strategic bidding behavior and perfectly competitive

behavior, wherein bidders simply bid their value, is of order O(n�1). In other words, as the size of

an auction increases, the e¤ect of risk aversion diminishes much faster than the rate at which the

strategic bidding behavior degenerates to the price-taking behavior in perfect competition. Hence

when the size of auction is large, Guerre, Perrigne and Vuong�s (2000) two-step nonparametric

estimator based on strategic bidding behavior may possess some robust properties against potential

risk aversion. In this paper, we study the asymptotic properties of Guerre, Perrigne and Vuong�s

(2000) two-step nonparametric estimator allowing both the number of bidders n and the number of
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auctions L to approach in�nity. We show that when n increases not too slowly relative to L, the

two-step nonparametric estimator of the latent density of private values is consistent and attains

the best uniform convergence rate given by Stone (1982) as if bidders�private values are observable.

Allowing both n and L to diverge to in�nity introduces some extra complications in the analysis.

Since the unknown private values are recovered from the observations of submitted bids and the

estimated bid density, the smoothness of bid density and the uniform convergence rate of its estimator

are crucial in determining the convergence rate of Guerre, Perrigne and Vuong�s (2000) two-step

estimator. As the equilibrium bid density depends on n, the derivatives of bid density that are

bounded with �xed n could be unbounded as n ! 1, and there is no standard result on the best

uniform convergence rate for the nonparametric estimation of a density that is shifting with sample

size as the bid density is here. Furthermore, when there exists observed heterogeneity across auctions,

we need to estimate the density of private values conditional on the ��xed e¤ects� characterizing

heterogeneity across auctions. However, the best uniform convergence rate of the estimator for a

conditional (or joint) density with observations in such a panel structure, where private values are

of order O(nL) and ��xed e¤ects� variables are of order O(L), has seldom been addressed in the

literature. We show that the kernel estimator for the conditional density of private values given the

��xed e¤ects�can attain the best uniform convergence rate at which the marginal density of ��xed

e¤ects�can be estimated.1

We conduct a Monte Carlo experiment to study the �nite sample performance of Guerre, Perrigne

and Vuong�s (2000) two-step nonparametric estimator and get some interesting results. The two-step

nonparametric estimator performs reasonably well in the presence of signi�cant risk aversion when

the number of bidders is six. In other words, an auction with six bidders can be considered as a large

auction. In addition, the two-stage nonparametric estimation procedure sometimes outperforms the

multi-step semiparametric estimation procedure when the utility function is misspeci�ed.

This rest of the paper is organized as follows. Section 2 presents the �rst-price, sealed-bid

auction model with risk averse bidders and derives the asymptotic approximation of the equilibrium

bidding function. Section 3 establishes the uniform consistency with the convergence rate of Guerre,

Perrigne and Vuong�s (2000) two-step nonparametric estimator in large auctions with risk averse

bidders. Section 4 speci�es Monte Carlo experiments and reports the results. Section 5 brie�y

1We assume that the marginal density of ��xed e¤ects� is as smooth as the conditional density of the private
values.
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concludes.

2 Large Auctions with Risk Averse Bidders

Suppose there are a large number of potential buyers competing for a single, indivisible item. The

number of potential buyers n (n� 1) is common knowledge2 . In the �rst-price, sealed-bid auction

under the independent private value (IPV) paradigm, the buyers simultaneously submit bids, and

the highest bidder wins and pays his own bid to the seller. Buyer p�s value vp (p = 1; � � � ; n)

for the auctioned item is his private information, while it is commonly known that the values

are independently distributed on [v; �v] � R+ according to a common distribution F (�), which is

absolutely continuous with density f (�) > 0. Each bidder is potentially risk averse with utility

given by a common von Neumann-Morgenstern utility function U (�), which is twice continuously

di¤erentiable with U 0 (�) > 0 and U 00 (�) � 0. The seller is assumed to be risk neutral. Moreover, we

assume each bidder�s initial wealth w > 0 is the same and commonly known.

Suppose the equilibrium bid for the pth bidder with private value vp in an auction with n bidders

is bp = sn (vp). Following Maskin and Riley (2000; 2003), and Athey (2001), the unique symmetric

Bayesian Nash equilibrium of the corresponding game is characterized by the following di¤erential

equation in sn (�)

s0n (vp) = (n� 1)
f (vp)

F (vp)
� (vp � sn (vp)) ; (1)

where � (�) = (U (w + �)� U (w)) =U 0 (w + �). The boundary condition is given by sn (v) = v.

In general, the equilibrium strategy is intractable without speci�cation of a functional form for

U (�). However, analytical approximations to the equilibrium strategy sn (�) can be derived. To

proceed, we need some regularity assumptions on U (�) and F (�) following Campo et al. (2006) as

summarized in the following de�nitions. Throughout we denote the support of � by S (�), and the

rth derivative of � by �(r) (r � 0) with �(0) = �.

De�nition 1 For R � 1, let UR be the set of van Neumann-Morgenstern utility functions U (�) with

initial wealth w > 0 such that:

(i) U : [0;1)! [0;1);
2We assume in this paper that the reservation price is nonbinding, hence the number of potential bidders is equal

to the number of actual bidders.
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(ii) U (�) is continuous on S (U), and admits up to R+2 continuous bounded derivatives on (0;1)

with U 0 (�) > 0 and U 00 (�) � 0 on (0;1).

De�nition 2 For R � 1, let FR be the set of distributions F (�) such that:

(i) S (F ) = fv : v 2 [v; �v]g, with 0 � v < �v <1;

(ii) f (v) � cf > 0 for v 2 S (F );

(iii) F (�) admits up to R+ 1 continuous bounded derivatives on S (F ).

Except for the additional assumption that w > 0, UR and FR are de�ned similar to Campo et al.

(2006) and thus have similar implications. De�nition 1 requires that � (x) admits R+ 1 continuous

bounded derivatives on [0;1), and De�nition 2 speci�es the smoothness of F (�) and requires the

corresponding density f (v) to be bounded away from zero on S (F ). These regularity assumptions

are quite weak. The additional assumption on initial wealth is to guarantee proper behavior of

the utility function at the initial wealth level. To relax this assumption so that w � 0, De�nition

1(ii) needs to be replaced by the stronger assumption that �U (�) is continuous and admits up to

R + 2 continuous bounded derivatives on S (U) with U 0 (�) > 0 and U 00 (�) � 0 on S (U)�. The

assumption on initial wealth is necessary for analytical approximation of the equilibrium bidding

behavior in large auctions. Furthermore, we assume that the private values and the number of

bidders are independent so that f (vjn) = f (v). As noted by Guerre, Perrigne and Vuong (2000),

this assumption is justi�ed by the economic model. Otherwise, endogenous entry to the auction

should be considered, which is outside the scope of this paper.

It is well known that, as the number of bidders n approaches in�nity, the equilibrium bid ap-

proaches the bidder�s private value under quite general conditions. Applying repeated integration by

parts and the Laplace approximation (Copson, 1965) to the integral form of the di¤erential equation

(1),

� (vp � sn (vp)) =
1

Fn�1 (vp)

Z vp

v

Fn�1 (u) d (sn (u) + � (u� sn (u))) ;

we can derive the leading order deviation of the equilibrium bid from the private value. This is

formally stated in the following proposition.3 Another contribution of Proposition 1 is to characterize
3Fibich, Gavious and Sela (2004) have shown (2) based on the unproved claim that s0n (v) = 1 + O

�
n�1

�
, which,

in general, is not directly implied by the (uniform) convergence of sn (v). Here we take a di¤erent approach to derive
the leading order deviation of sn (v) from v. The approach presented here is more rigorous as s0n (v) = 1 + O

�
n�1

�
is proved instead of assumed and more general as it allows us to express sn (v) as its asymptotic expansion with
precision of O

�
n�(R+1)

�
instead of just the leading order deviation.
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the implied smoothness of the equilibrium bidding function as n ! 1, which is used to derive

the uniform convergence rate of the two-step nonparametric estimator in the next section. Let

&n(v) = v � sn(v) be the consumer surplus conditional on winning.

Proposition 1 In a �rst-price IPV auction with n (n � 1) bidders, if F (�) 2 FR and U (�) 2 UR

for R � 1, the equilibrium bid in the symmetric Bayesian Nash equilibrium is given by

sn (v) = v � 1

n

F (v)

f (v)
+O(n�2):4 (2)

Furthermore, we have &(r)n (v) = O(n�1) for 1 � r � R.

LetGn (�) denote the distribution of equilibrium bids. We haveGn (b) = F (v) with support S(Gn) =

fb : b 2 [v; sn (�v)]g and density gn (b) = f(v)=s0n(v) = f(v) + O(n�1) by Proposition 1, where

v = s�1n (b). It follows from (2) that

v = s�1n (b) = b+
1

n

Gn (b)

gn (b)
+O(n�2); (3)

which represents the unobserved private value as a function of the observed bid with an error of

order O(n�2). This allows us to employ Guerre, Perrigne and Vuong�s (2000) two-step nonparametric

estimation procedure to recover the underlying distribution of risk averse bidders�private values with

satisfactory precision when n is large.

3 Nonparametric Estimation and Robustness

3.1 Estimation Procedure and Asymptotic Properties

To clarify conceptual issues, we �rst consider L homogeneous auctions with n bidders in each auction.

In order to implement Guerre, Perrigne and Vuong�s (2000) two-step nonparametric estimation

procedure, we �rst need to estimate the distribution of equilibrium bids Gn (�), which depends on

the number of bidders. Hence it is important to study the implied smoothness of Gn (�) as n!1.

The following proposition summarizes the properties of Gn (�) relevant to the asymptotic properties

of the nonparametric estimator.

4Throughout fn (x) = gn (x) + O (np) or fn (x) = gn (x) + o (np) means supx jfn (x)� gn (x)j = O (np) or
supx jfn (x)� gn (x)j = o (np) respectively, for a pair of functions fn (�) and gn (�) and a constant p.
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Proposition 2 If F (�) 2 FR and U (�) 2 UR for R � 1, the distribution Gn (�) satis�es:

(i) its support is S (Gn) = fb : b 2 [v; sn (�v)]g, with infn2f2;3;��� g (sn (�v)� v) > 0. Moreover,

S (Gn) � S (Gn+1) for all n 2 f2; 3; � � � g, and limn!1 S (Gn) = S (F );

(ii) for b 2 S (Gn), gn (b) � cg > 0 as n!1;

(iii) if C is a closed subset of the interior of S (G1), then gn (�) is bounded and admits up to R

continuous bounded derivatives on C as n!1.

Contrary to its counterpart with �xed n derived in Campo et al. (2006) where gn (�) is smoother

than f (�) with R + 1 continuous bounded derivatives, Proposition 2(iii) shows that as n ! 1,

the uniform boundedness of the (R + 1)th derivative of gn (�) cannot be implied from the existing

assumptions on the structure [U;F ].

Following Guerre, Perrigne and Vuong (2000), with the observations fBpl; p = 1; � � � ; n; l =

1; � � � ; Lg, the bid distribution Gn (�) and density gn (�) can be nonparametrically estimated respec-

tively by the empirical distribution and the kernel density estimator of the form

~Gn (b) =
1

nL

LX
l=1

nX
p=1

1 (Bpl � b) ; (4)

~gn (b) =
1

nLhR

LX
l=1

nX
p=1

KR

�
Bpl � b
hR

�
; (5)

where hR is a bandwidth such that hR = � (log (nL) =nL)
1=(2R+1) with � being a strictly positive

constant, and KR (�) is a symmetric kernel of order R with a compact support and twice continuous

bounded derivatives satisfying
R
KR (b) db = 1 and

R
K2
R (b) db <1. Note that classical asymptotic

results regarding the empirical distribution and kernel estimator based on the i.i.d. assumption of

observations do not apply to the current model as n ! 1, because the equilibrium bid and hence

its distribution depend on the number of bidders n. The uniform consistency of ~Gn and ~gn with

the convergence rate based on a triangular array of random variables that are independent but not

identically distributed as we have here is derived in the appendix.

Because the kernel estimator is asymptotically biased at the boundaries of the support, Guerre,

Perrigne and Vuong (2000) suggest trimming the observationsBpl that are too close to the boundaries

of S(Gn). However, in our case, as n increases, S (Gn) is expanding such that limn!1 S (Gn) =

S (F ). Hence the kernel estimator is asymptotically biased at the boundaries of the support of
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F (�). Denote the length of the support of KR (�) by �. For b = �v � ��hR=2 with � 2 [0; 1),

it follows that E[~gn(�v � ��hR=2)] =
R (�bn��v)=hR+��=2
(bn��v)=hR+��=2

KR (u) gn(�v � ��hR=2 + hRu)du ! gn(�v �

��hR=2)
R ��=2
�1 KR (u) du as n and L approach in�nity. As

R ��=2
�1 KR (u) du 6= 1, the density estimator

is asymptotically biased for b 2 (�v � �hR=2; �v] and similarly for b 2 [v; v + �hR=2). Let Bmin and

Bmax be the minimum and maximum of the nL observed bids. The trimmed pseudo-private value

is de�ned as

V̂pl =

8>>>><>>>>:
Bpl + ~Gn (Bpl) = (n� 1) ~gn (Bpl) ;

if Bpl 2 [Bmin + �hR=2; Bmax � �hR=2] ,

1 otherwise,

(6)

for p = 1; � � � ; n and l = 1; � � � ; L. The following proposition gives the rate at which the trimmed

pseudo-private value converges to the true value on a closed inner subset of its support. The

result will be used to derive the uniform convergence rate of the two-step estimator. Let r =

(nL= log (nL))
R=(2R+1).

Proposition 3 Suppose F (�) 2 FR and U (�) 2 UR for R � 1. Then, for any closed inner subset

C (V ) of S (F ), we have almost surely

suppl 1C(V )(Vpl)
���V̂pl � Vpl��� = O

�
max(n=r; 1)n�2

�
:

Basically, the error of pseudo-private value V̂pl comes from two sources: estimation error from

~Gn (�) =~gn (�) and approximation error from ignoring the utility structure. So the uniform convergence

rate of the pseudo-private value is determined by the slower convergence rate of these two types of

errors. Suppose R = 1, then n=r � n2=L by ignoring the relatively small log(nL) term. So if n

increases much slower than L such that n2=L ! 0, then the approximation error dominates. The

estimation error dominates otherwise.

With the trimmed pseudo-private values, the private value density f (�) can be estimated by the

kernel density estimator

f̂ (v) =
1

nLhR

LX
l=1

nX
p=1

KR

 
V̂pl � v
hR

!
: (7)

The following result establishes the uniform consistency of Guerre, Perrigne and Vuong�s (2000)

two-step estimator with its rate of convergence in homogenous auctions with risk averse bidders.

Proposition 4 Suppose F (�) 2 FR and U (�) 2 UR for R � 1. Then, for any closed inner subset
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C (V ) of S (F ),

(i) if L!1 and (nhR)�1 ! 0, (r=n)(nhR)�1 ! 0 as n!1, we have almost surely

supv2C(V )

���f̂ (v)� f (v)��� = O(r�1);

(ii) if L!1 and (nhR)�1 ! 0, (r=n)(nhR)�1 !1 as n!1, we have almost surely

supv2C(V )

���f̂ (v)� f (v)��� = O(n2hR)
�1;

(iii) if L!1 and (nhR)�1 !1 as n!1, we have almost surely

supv2C(V )

���f̂ (v)� f (v)��� = O(n4h3R)
�1:

Proposition 4(iii) shows that, when n does not diverge fast enough relative to L, Guerre, Perrigne

and Vuong�s (2000) two-step estimator may not be consistent in the presence of risk aversion given

our choice of KR(�) and hR because of the overwhelming approximation error. A su¢ cient condition

for the two-step estimator to be consistent is that (nhR)�1 ! 0, which imposes a lower bound of

the divergence rate of n in terms of L. By ignoring the relatively small log(nL) term, we have

(nhR)
�1 � L=n2R. Hence the constraint on the divergence rate of n is quite weak, especially for

a smooth private value density (with larger R). On the other hand, when n goes to in�nity fast

enough relative to L, it is possible for the two-step nonparametric estimator to attain the uniform

convergence rate r = (nL= log (nL))
R=(2R+1), which is the best uniform convergence rate when

private values are observable. The intuition for the result is as follows. As f (v) = gn (sn(v)) s
0
n(v),

to estimate the private value density, gn (�) ; sn(�) and s0n(�) need to be estimated. When n is �xed,

s0n(�) is the hardest to estimate as it requires estimating g0n (�). In fact, the best uniform convergence

rate for estimating s0n(�) determines the best rate for estimating f (�). However, when n ! 1, it

follows from Proposition 1 that s0n(v) = 1 + O(n�1). So if n diverges fast enough, f (�) can be

estimated at the same best rate as gn (�), which is r.

As in Guerre, Perrigne and Vuong (2000), asymptotic normality of the two-step estimator is not

derived. This is because the �rst and second order terms in the expansion of f̂ (v) � f (v) may be

close (see the proof of Proposition 4), so the classical asymptotic normality result that relies only
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on the leading order term in the Taylor expansion may be imprecise. Guerre, Perrigne and Vuong

(2000) suggest circumventing this drawback by establishing an exponential-type inequality, and that

approach also applies to the current model. Interested readers may refer to that paper for more

details.

3.2 Auctions with Heterogeneity

Now we can extend the above analysis to a more realistic model allowing heterogeneity. Heterogeneity

across auctions is characterized by a vector of observed variables Xl and the number of bidders nIl

(l = 1; � � � ; L), where the Il�s are strictly positive constants.5 We assume n, but not Il, approaches

in�nity for asymptotic properties. Let I be the set of possible values for Il. Following Guerre,

Perrigne and Vuong (2000), the latent joint distribution of (Vpl; Xl; Il) for p = 1; � � � ; nIl and l =

1; � � � ; L satis�es the following regularity assumptions:

Assumption A1

(i) The (d + 1)-dimensional vectors (Xl; Il), l = 1; � � � ; L, are independently and identically dis-

tributed as Fm (�; �) with density fm (�; �).

(ii) For each l, the variables Vpl, p = 1; � � � ; nIl, are independently and identically distributed

conditionally upon Xl as F (�j�) with density f (�j�).

Assumption A2 For I a bounded countable subset of R+ and R � 1,

(i) S(F ) = f(v; x) : x 2 [x; �x] ; v 2 [v(x); �v(x)]g, with x < �x;

(ii) for (v; x) 2 S(F ), f(vjx) � cf > 0, and, for (x; i) 2 S(Fm), fm (x; i) � cf > 0;

(iii) for each i 2 I, f (�j�) and fm (�; i) admit up to R continuous bounded partial derivatives on

S(F ) and S(Fm (�; i)).

As argued by Guerre, Perrigne and Vuong (2000), we can assume that x and �x are known as

they can be readily estimated. X is assumed to be a vector of continuous variables.6 The economic

model implies that the private values and the number of bidders are independent conditional on X

so that f(vjx; ni) = f(vjx). With the smoothness of F (�j�) speci�ed in Assumption A2, the next

proposition studies the implied smoothness of bid density gn (�j�; �).
5Empirically, we can decompose the number of bidders of the lth auction arbitrarily into n 2 f2; 3; � � � g and

Il 2 R+. Say, let n = minlfnIlg.
6 If some X�s are discrete, the following results hold with d replaced by the number of continuous variables in X.
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Proposition 5 Suppose U (�) 2 UR for R � 1. Given A1 and A2, the conditional distribution

Gn (�j�; �) satis�es:

(i) its support S (Gn) is such that S (Gn (�j�; i)) = f(b; x) : x 2 [x; �x] ; b 2
�
bn (x; i) ;

�bn (x; i)
�
g,

with inf(�bn (x; i)� bn (x; i)) > 0. Moreover, �bn (x; i) � �bm (x; i) for n � m, bn (�; i) = v (�), and

limn!1 �bn (�; i) = �v (�);

(ii) for (b; x; i) 2 S (Gn), gn (bjx; i) � cg > 0 as n!1;

(iii) if C is a closed subset of the interior of S (G1), then, for each i 2 I, gn (�j�; i) is bounded and

admits up to R continuous bounded derivatives on C as n!1.

Proposition 5 extends Proposition 2 by allowing possible heterogeneity across auctions and has

similar implications. Specially, item (iii) characterizes the uniform boundedness of gn�s derivatives

as n!1, which is used to derive asymptotic properties of the nonparametric estimator.

Following Guerre, Perrigne and Vuong (2000), using the observations f(Bpl; Xl; Il); p = 1; � � � ; nIl; l =

1; � � � ; Lg, we can nonparametrically estimate Gn (�; �; �) and gn (�; �; �) respectively by

~Gn (b; x; i) =
1

nLhdG

LX
l=1

1

Il

nIlX
p=1

1 (Bpl � b)KG

�
Xl � x
hG

;
Il � i
hGI

�
; (8)

~gn (b; x; i) =
1

nLhd+1g

LX
l=1

1

Il

nIlX
p=1

Kg

�
Bpl � b
hg

;
Xl � x
hg

;
Il � i
hgI

�
; (9)

where hG, hGI , hg, and hgI are bandwidths and KG and Kg are kernels with a compact support.

Similar to the case with homogeneous auctions, the asymptotic results of nonparametric estima-

tors based on i.i.d. assumptions do not apply to ~Gn and ~gn as n!1 due to the dependence of the

equilibrium bid distribution on n. We derive the uniform consistency with the convergence rate of

~Gn and ~gn in the appendix. On the other hand, since the number of Bpl is of order O(nL) while

the number of observed auctions and hence (Xl; Il) (which are analogous to �xed e¤ects in a panel

data model) are of order O(L), the best uniform convergence rate for the nonparametric estimation

of the joint density of (Bpl; Xl; Il) as both n and L approach in�nity has seldom been addressed in

the literature. The following analysis sheds light on whether and to what extent n!1 speeds up

the convergence of the joint density estimator.

Since the kernel density estimator is biased at the boundaries of the support of S(F ) as we

discussed in the case with homogenous auctions, we trim the observations that are too close to the
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boundary of S(F ). To this end, we need to estimate the unknown S(F ) = f(v; x) : x 2 [x; �x] ; v 2

[v(x); �v(x)]g. Since [x; �x] is known, we only need to estimate the support [v(x); �v(x)]. Let h@ > 0.

Following Guerre, Perrigne and Vuong (2000), we consider the following partition of Rd with a

generic hypercube of side h@ :

�k1;��� ;kd = [k1h@ ; (k1 + 1)h@)� � � � � [kdh@ ; (kd + 1)h@);

where (k1; � � � ; kd) runs over Zd. The support [v(x); �v(x)] can be estimated as

b�v(x) = supfBpl; p = 1; � � � ; nIl; l = 1; � � � ; L;Xl 2 �k1;��� ;kdg; (10)

bv(x) = inffBpl; p = 1; � � � ; nIl; l = 1; � � � ; L;Xl 2 �k1;��� ;kdg; (11)

where �k1;��� ;kd is the hypercube containing x. And the estimator for S (F ) is Ŝ (F ) � f(v; x) : x 2

[x; �x]; v 2 [b�v(x);bv(x)]g.
Note that (3) can be rewritten as

Vpl = Bpl +
1

nIl

Gn (Bpl; Xl; Il)

gn (Bpl; Xl; Il)
+O(n�2);

where Gn(b; x; i) = Gn(bjx; i)fm(x; i). Guerre, Perrigne and Vuong�s (2000) pseudo-private value is

estimated by

V̂pl = Bpl +
1

nIl � 1
 ̂ (Bpl; Xl; Il) ;

where

 ̂ (b; x; i) �

8>>>>>>><>>>>>>>:

~Gn (b; x; i) = (nIl � 1) ~gn (b; x; i) ;

if (b; x) + S (2hG) � Ŝ (F ) and

(b; x) + S (2hg) � Ŝ (F ) ,

1 otherwise,

with S (hG) and S (hg) being the supports of f0�KG (�=hG; 0)g and Kg (�=hg; �=hg; 0) respectively.

In the second step of Guerre, Perrigne and Vuong�s (2000) two-step estimation approach, the

density f (vjx) is estimated nonparametrically by f̂ (vjx) = f̂ (v; x) =f̂ (x) using the pseudo-sample
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f(V̂pl; Xl); p = 1; � � � ; nIl; l = 1; � � � ; Lg, where

f̂ (v; x) =
1

nLhd+1f

LX
l=1

1

Il

nIlX
p=1

Kf

 
V̂pl � v
hf

;
Xl � x
hf

!
; (12)

f̂ (x) =
1

LhdX

LX
l=1

KX

�
Xl � x
hX

�
; (13)

hf and hX are bandwidths, and Kf and KX are kernels with compact supports. The choice of

kernels and bandwidths in the de�nition of the two-step nonparametric estimator are summarized

in the following two assumptions:

Assumption A3

(i) The kernels KG (�; �), Kg (�; �; �), Kf (�; �) and KX (�) are symmetric with bounded hypercube

supports and twice continuous bounded (uniformly in I) derivatives with respect to their con-

tinuous arguments.

(ii)
R
KG (x; 0) dx = 1,

R
Kg (b; x; 0) dbdx = 1,

R
Kf (v; x) dvdx = 1, and

R
KX (x) dx = 1.

(iii) KG (x; 0) is of order R+ 1, and Kg (b; x; 0), Kf (v; x) and KX (x) are of order R.

Assumption A4

(i) As L!1, the �discrete� bandwidths hGI and hgI vanish.

(ii) The �continuous�bandwidths hG, hg, hf , and hX are of the form:

hG = �G(logL=L)
1=(2R+d+2); hg = �g(logL=L)

1=(2R+d);

hf = �f (logL=L)
1=(2R+d); hX = �X(logL=L)

1=(2R+d);

where the ��s are strictly positive constants.

(iii) The �boundary�bandwidth is of the form h@ = �@(logL=L)
1=(d+1) with �@ > 0, if d > 0.

It follows from Hardle (1991) that hG and hX given in A4(ii) are optimal bandwidths given

Proposition 5 and A2(iii). Hence Gn (�; �; �) and f (�) are optimally estimated in terms of the uniform

convergence rate. If n were �xed and private values were observed, the optimal bandwidth for

estimating f (�; �) would be of order (logL=L)1=(2R+d+1), which is asymptotically larger than the
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rate for hf given in A4(ii). Similarly, the rate for hg given in A4(ii) is asymptotically smaller

than the optimal bandwidth with �xed n. However, our choices of hf and hg are optimal when n

approaches in�nity fast enough relative to L as shown below.

The following results establish the uniform consistency of the nonparametric estimators of S(F )

and f (vjx) in large auctions with risk averse bidders.

Proposition 6 Let r@ = (L= logL)1=(d+1). Given A1, A2 and A4(iii), we have almost surely

supx2[x;�x]
��b�v(x)� �v(x)�� = O(r�1@ ); and supx2[x;�x] jbv(x)� v(x)j = O(r�1@ ):

We have shown in the case with homogeneous auctions that a su¢ cient condition for Guerre,

Perrigne and Vuong�s (2000) two-step estimator to be uniformly consistent is that n goes to in�nity

fast enough relative to L so that (nhR)�1 ! 0. So the next result on the uniform convergence rate

focuses on the case with (nhf )�1 ! 0. Let rf = (L= logL)R=(2R+d).

Proposition 7 Suppose U (�) 2 UR for R � 1. Given A1-A4, for any closed inner subset C (V ) of

S (F ),

(i) if L!1 and (nhf )�1 ! 0, (rf=n)(nhf )�1 ! 0 as n!1, we have almost surely

supv2C(V )

���f̂ (vjx)� f (vjx)��� = O(r�1f );

(ii) if L!1 and (nhf )�1 ! 0, (rf=n)(nhf )�1 !1 as n!1, we have almost surely

supv2C(V )

���f̂ (vjx)� f (vjx)��� = O(n2hf )
�1:

So when n approaches in�nity fast enough relative to L, the two-step estimator of f (vjx) can

attain the best rate at which f (x) can be estimated. Even though f (vjx) is as smooth as f (x)

given A2(iii), one would expect f (vjx) to be estimated with a convergence rate slower than f (x)

because private values are unobservable and the vector (V;X) has one more dimension than X. The

counterintuitive result in Proposition 7 can be understood as follows. First, since unknown private

values can be approximated by observed bids with precision of order O(n�1) by Proposition 1, the

approximation error may be trivial compared to the estimation error of the kernel estimator when n
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goes to in�nity fast enough relative to L. Hence, the information loss from not observing V may be

neglible given the conditions in Proposition 7(i). Second, because there are (n� 1)L more (pseudo)

observations of V than X, the noise from estimating the extra dimension of random variables in

f (v; x) and hence f (vjx) reduces dramatically as n ! 1. We show in the appendix that, when

n diverges fast enough so that (nhg)�1 ! 0 and (nhf )�1 ! 0, kernel estimators of gn(b; x; i) and

f (v; x) can attain the best rate at which f̂ (x) uniformly converges to f(x).

4 Monte Carlo Experiments

We conduct the Monte Carlo experiments with 1000 replications, each consisting of three sets of

observations. In set 1, we consider L = 300 auctions, each with n = 3 bidders. In set 2, we consider

L = 150 auctions, each with n = 6 bidders. In set 3, we consider L = 75 auctions, each with n = 12

bidders. The total number of observations of submitted bids is 900 for each set. Bidders�private

values for each replication are generated from the log-normal distribution F with parameters (0; 1),

truncated at 0:055 and 2:5. The true utility takes the functional form U (x) = 1� exp (��x), where

� = 0:8. The equilibrium bids are computed numerically by

b =
1

�
log

R v
exp (�t) dF (t)

n�1

F (v)
n�1 : (14)

We consider four di¤erent estimation procedures for each replication. Method 1 serves as the

basis for comparison. We specify the functional form of utility as the true U (�) and adopt the

semiparametric approach proposed by Campo et al. (2006). To estimate �, we pool the observations

from all 3 sets. Let Gn (b) denote the distribution of bids in auctions with n bidders, v� denote the

�th percentile of F , and bn� denote the �th percentile of Gn. For n 6= m, (1) gives

v� � bn� =
1

�
log[

�

n� 1
Gn (b

n
�)

gn (bn�)
+ 1];

v� � bm� =
1

�
log[

�

m� 1
Gm (b

m
� )

gm (bm� )
+ 1]:

Taking di¤erence gives

bm� � bn� =
1

�
log[

�

n� 1
Gn (b

n
�)

gn (bn�)
+ 1]� 1

�
log[

�

m� 1
Gm (b

m
� )

gm (bm� )
+ 1] (15)
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With a large number of percentiles �, we can estimate � using the empirical analogue of (15) by

nonlinear least squares. Given an estimate �̂ of �, we then estimate f using the two-step kernel-based

estimation procedure described above for each set of observations separately.

Method 2 investigates the consequences of model misspeci�cation by assuming the utility is

CRRA with U (x) = x1�� using the semiparametric approach proposed by Campo et al. (2006).

Analogous to Model 1, we identify � through the heterogeneity of the bid distributions across auctions

with di¤erent number of bidders. With CRRA utility, for n 6= m, (1) gives

v� � bn� =
1� �
n� 1

Gn (b
n
�)

gn (bn�)
;

v� � bm� =
1� �
m� 1

Gm (b
m
� )

gm (bm� )
:

Taking the di¤erence gives

bm� � bn� = (1� �)
�

1

n� 1
Gn (b

n
�)

gn (bn�)
� 1

m� 1
Gm (b

m
� )

gm (bm� )

�
: (16)

Evaluating the empirical analogue of (1) at a �nite number of percentiles, we can recover � using

least squares. Then we estimate f nonparametrically for each set of observations separately.

Method 3 recovers f using Guerre, Perrigne and Vuong�s (2000) two-step nonparametric esti-

mation procedure without imposing any restrictions on the functional form of U (�). Method 4 is a

one-step nonparametric estimation method using the observed bids as the pseudo-private values to

estimate f directly, based on the fact that limn!1 sn (v) = v. Method 4 can only be justi�ed when

the number of bidders in each auction is very large and strategic bidding behavior is overwhelmed

by the price-taking behavior in perfection competition. We compare the estimates from Methods

3 and 4 to understand the gains from incorporating strategic bidding behavior in the structural

estimation.

Following Guerre, Perrigne and Vuong (2000), in nonparametric estimations we choose the tri-

weight kernel (35=32)
�
1� u2

�3
1 (juj � 1) for Kg (�) and Kf (�) so that �g = �f = 2. We also choose

hg = 1:06�̂b (nL)
�1=5 and hf = 1:06�̂v (nLT )

�1=5, where �̂b and �̂v are the standard deviations of

the observed bids and the trimmed pseudo-private values, nLT are the number of observations left

after trimming, and 1:06 follows the rule of thumb.7

7Our choices of kernel functions and bandwidths do not follow Assumptions A3 and A4 because the gains of high
order kernels in terms of a lower MISE are trivial with this sample size. (Fan and Marron, 1992)
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Table 1: Intregrated Absolute Bias of Estimated Densities
5-95th percentile 25-75th percentile

n = 3 n = 6 n = 12 n = 3 n = 6 n = 12
Method 1 0.0258 0.0279 0.0320 0.0023 0.0019 0.0017
Method 2 0.0757 0.0528 0.0427 0.0232 0.0163 0.0117
Method 3 0.0700 0.0442 0.0366 0.0242 0.0076 0.0022

Method 1: mean(�)=0.7682, std(�)=0.1934;

Method 2: mean(�)=0.3835, std(�)=0.0916.

Figures 1-4 display the true density of the private values with solid line and the 5th, 50th and 95th

percentiles of the 1000 estimates of f̂ (v) with dash-dot lines evaluated at 500 equally spaced points on

[0:055; 2:5]. When the utility functional form is correctly speci�ed, the mean of the semiparametric

estimates in Figure 1 perfectly matches the true density on the 25-75th percentile of the distribution

and the empirical pointwise 90% con�dence interval becomes narrower as n increases. In the case

that the utility function is misspeci�ed, the semiparametric estimates in Figure 2 are biased upwards

for small private values and biased downwards for large private values when n = 3. The bias reduces

as n increases. Guerre, Perrigne and Vuong�s (2000) two-step nonparametric estimates in Figure

3 are slightly downward biased when n = 3. The bias reduces as n increases to 6. The one-step

nonparametric estimates in Figure 4 are very imprecise as a large part of the true density lies outside

the empirical 90% con�dence interval when n = 3. The performance of the one-step nonparametric

estimates improves when n = 12.

To compare Methods 1-3 with higher precision, we report the integrated absolute bias evaluated

respectively on the 5-95th percentile and the 25-75th percentile of the value distribution in Table 1.

We use the integrated absolute bias instead of the integrated mean squared error as a measure of

discrepancy because the semiparametric estimates may have larger standard error than the two-step

nonparametric estimates as the former involves an additional step to estimate unknown parameters

in the utility function. The integrals are evaluated by simulations. The two-step nonparametric

estimates have smaller integrated absolute bias relative to the semiparametric estimates with mis-

speci�ed utility function when n = 6 and 12. The bias of the two-step nonparametric estimator

reduces much faster than the semiparametric estimates with misspeci�ed utility function on the

25-75th percentile of the value distribution as n increases.

There are two important lessons to draw from the Monte Carlo experimental results. First,

Guerre, Perrigne and Vuong�s (2000) two-step nonparametric estimation procedure is quite robust
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Figure 1: True and Estimated Densities of Private Values (Method 1)
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Figure 2: True and Estimated Densities of Private Values (Method 2)
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Figure 3: True and Estimated Densities of Private Values (Method 3)
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Figure 4: True and Estimated Densities of Private Values (Method 4)
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with respect to risk aversion in auctions with a moderate number of bidders, and inclusion of the term

Gn (b) = (n� 1) gn (b) in the approximated bidding function substantially improves the performance

of the estimator, as illustrated by Figures 3 and 4. Second, though the CRRA structure U (x) = x1��

is popularly assumed in the literature for many reasons, the semiparametric speci�cation does not

necessarily help to improve the �tting of f̂ . This can be understood as follows. As we discussed in

Section 2, if w = 0, De�nition 1(ii) needs to be replaced by the stronger assumption that �U (�) is

continuous and admits up to R + 2 continuous bounded derivatives on S (U) with U 0 (�) > 0 and

U 00 (�) � 0 on S (U)�. However, U (x) = x1�� =2 UR as w = 0 and U 0 (0) is not bounded. Hence the

e¤ects of model misspeci�cation on the equilibrium bids are O(n�1) in this case, which dominates

the errors incurred by totally ignoring risk aversion.

5 Concluding Remarks

We study the robustness of Guerre, Perrigne and Vuong�s (2000) two-step nonparametric estimation

procedure in large auctions with risk averse bidders. With an asymptotic approximation of the

equilibrium bidding function, we show that when the number of bidders in each auction diverges

not too slowly relative to the number of observed auctions, Guerre, Perrigne and Vuong�s (2000)

two-step kernel-based estimator is uniformly consistent on an arbitrary closed inner subset of the

support of the true density and attains the best uniform convergence rate as if latent private values

are observable. Monte Carlo experiments show that the two-step estimator performs reasonably well

with a moderate number of bidders such as six.

One possible extension of the current work is to allow bidders to have di¤erent attitude towards

risk captured by heterogeneous utility functions and initial wealths. Campo (2004) has shown

that in such a model the utility functions and latent distribution of bidders�private values cannot be

nonparametrically identi�ed jointly from observed bids, and, to recover the private value distribution,

it is necessary to specify the asymmetric utility structure parametrically. On the other hand, when

the number of bidders is large, the e¤ects of asymmetric risk aversion on equilibrium bids diminish.

Hence asymptotic approximation of the equilibrium bidding function may provide a feasible way to

implement nonparametric estimation methods in large auctions with asymmetric risk averse bidders

as well, which could be of interest for future research.
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A Proofs of Mathematical Properties

Proof of Proposition 1. (i) Since the equilibrium solution is symmetric in nature, we can drop

the individual subscript in (1). Let sRN (�) be the solution of the following �rst-order di¤erential

equation

s0RN;n (v) = (n� 1)
f (v)

F (v)
(v � sRN;n (v)) ; (17)

with boundary condition sRN;n (v) = v. Fibich, Gavious and Sela (2004) have shown that sRN;n (v) =

v + O
�
n�1

�
. As 0 � v � sn (v) � v � sRN;n (v) for all v 2 S (F ) (Riley and Samuelson, 1981), we

can extend &n (v) to the following form

&n (v) = v � sn (v) =
1

n� 1 &1n (v) + o
�
n�1

�
; (18)

where &1n (v) = O (1). As � (0) = 0 and �0 (0) = 1, a Taylor expansion of � (&n (v)) = � (v � sn (v))

around 0 gives

� (&n (v)) = � (0) + �0 (0) &n (v) +
1

2
�00 (~x) &2n (v) = &n (v) +

1

2
�00 (~x) &2n (v) ; (19)

for ~x 2 [0; &n (v)]. Since �00 (~x) is bounded as n!1 by De�nition 1, substitution of (18) into (19)

gives

� (&n (v)) =
1

n� 1 (&1n (v) + o (1)) ; (20)

which implies s0n (v) = O (1) by (1). Multiplying both sides of the di¤erential equation (1) by

Fn�1 (v) and taking integrals gives

s0n (v)F
n�1 (v) = (n� 1) f (v)Fn�2 (v)� (v � sn (v))Z v

v

Fn�1 (u) dsn (u) =

Z v

v

� (u� sn (u)) dFn�1 (u) : (21)

Applying integration by parts to the right hand side of (21), and rearranging terms yields the integral

form of the �rst order condition

� (v � sn (v)) =
1

Fn�1 (v)

Z v

v

Fn�1 (u) d (sn (u) + � (u� sn (u))) : (22)
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Let �n (v) = sn (v) + � (v � sn (v)), we have

�0n (v) = s0n (v) + �
0 (v � sn (v)) (1� s0n (v))

= s0n (v) +
�
�0 (0) +O (v � sn (v))

�
(1� s0n (v))

= 1 + &1n (v)O
�
n�1

�
(1� s0n (v))

= 1 +O
�
n�1

�
;

where the second equality holds by the mean value theorem and boundedness of �00 (�), the third

equality holds because �0 (0) = 1, and the last equality holds because &1n (v) = O (1) and s0n (v) =

O (1). We rewrite (22) in the format of Laplace integral and apply the Laplace approximation

(Copson, 1965)

� (v � sn (v)) =
1

Fn�1 (v)

Z v

v

Fn�1 (u)�0n (u) du =
1

Fn�1 (v)

Z v

v

e(n�1) lnF (u)�0n (u) du

=
�0n (v)

Fn�1 (v)

e(n�1) lnF (v)

(n� 1) d lnF (v) =dv + o
�
n�1

�
=

1

n� 1
F (v)

f (v)
+ o

�
n�1

�
; (23)

where the last equality holds because �0n (v) = 1 + O
�
n�1

�
. Matching leading order terms in (20)

and (23) gives &1n (v) = F (v) =f (v), which, together with (20) and (1), implies that s0n (v) = 1+o (1)

and �0n (v) = 1 + o
�
n�1

�
. So we can further extend &n (v) to the following form

&n (v) = v � sn (v) =
1

n

F (v)

f (v)
+
1

n2
&2n (v) + o

�
n�2

�
. (24)

Substitution of (24) in (19) gives

� (&n (v)) =
1

n

F (v)

f (v)
+
1

n2
&2n (v) +

1

2
�00 (~x)

�
1

n

F (v)

f (v)

�2
+ o

�
n�2

�
; (25)

Taking derivatives on both sides of (1) gives

s00n (v) = (n� 1)
�
d

dv

�
f (v)

F (v)

�
� (v � sn (v)) +

f (v)

F (v)
�0 (v � sn (v)) (1� s0n (v))

�
:
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Taylor approximations of � (v � sn (v)) and �0 (v � sn (v)) around 0 yield s00n (v) = o (n), which

implies that

�00n (v) = s00n (v)� �0 (v � sn (v)) s00n (v) + �00 (v � sn (v)) (1� s0n (v))
2

= s00n (v)�
�
�0 (0) +O

�
n�1

��
s00n (v) + �

00 (v � sn (v)) o (1) = o (1) :

It follows from applying integration by parts and the Laplace approximation to (22) that

� (v � sn (v)) =
1

Fn�1 (v)

Z v

v

Fn�1 (u)�0n (u) du =
1

nFn�1 (v)

Z v

v

�0n (u)

f (u)
dFn (u)

=
1

n

F (v)�0n (v)

f (v)
� 1

nFn�1 (v)

Z v

v

Fn (u) d
�0n (u)

f (u)

=
1

n

F (v)�0n (v)

f (v)
� 1

nFn�1 (v)

Z v

v

en lnF (u)
�00n (u) f (u)� �0n (u) f 0 (u)

f2 (u)
du

=
1

n

F (v)�0n (v)

f (v)
� F 2 (v)

n2
�00n (v) f (v)� �0n (v) f 0 (v)

f3 (v)
+ o

�
n�2

�
=

1

n

F (v)

f (v)
+
F 2 (v)

n2
f 0 (v)

f3 (v)
+ o

�
n�2

�
; (26)

where the last equality holds because �0n (v) = 1 + o
�
n�1

�
and �00n (v) = o (1). Matching leading

terms of (25) and (26) yields that

&2n (v) =

�
f 0 (v)

f (v)
� 1
2
�00 (~x)

��
F (v)

f (v)

�2
= O (1) ;

which implies (2). Substitution of (26) into (1) gives & 0n (v) = 1� s0n (v) = 1
n
d
dv

�
F (v)
f(v)

�
+ o

�
n�1

�
.

(ii) First, we show by mathematical induction that

� (&n (v)) = � (v � sn (v)) =
�1 (v)

n
+ � � �+ �r+1 (v)

nr+1
+ o

�
n�(r+1)

�
; (27)

&n (v) = v � sn (v) =
�1 (v)

n
+ � � �+

�r+1 (v)

nr+1
+ o

�
n�(r+1)

�
; (28)

where �1 (v) ; � � � ; �r+1 (v) and �1 (v) ; � � � ; �r+1 (v) are known functions invariant with n, and

&(r)n (v) =
1

n

dr

dvr

�
F (v)

f (v)

�
+ o

�
n�1

�
; (29)

for 0 � r � R � 1. We have already shown in (i) that (27)-(29) hold for r = 0, so we only need to
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show that (27)-(29) holding for 0 � r � k � 1 implies (27)-(29) hold for r = k � R � 1. A Taylor

expansion of � (&n (v)) with an integral remainder gives

� (&n (v)) = � (0) + �0 (0) &n (v) + � � �+
1

R!
�(R) (0) &Rn (v) +

Z &n(v)

0

�(R+1) (t)
(&n (v)� t)R

R!
dt: (30)

Analogously, we have for 1 � r � R

�(r) (&n (v)) = �(r) (0) + � � �+ 1

(R� r)!�
(R) (0) &R�rn (v) +

Z &n(v)

0

�(R+1) (t)
(&n (v)� t)R�r

(R� r)! dt: (31)

From (1), we have

1� s0n (v) = 1� (n� 1)
f (v)

F (v)
� (&n (v)) :

For r � 2, taking the (r � 1)th derivatives on both sides gives

&(r)n (v) = � (n� 1) d
r�1

dvr�1

�
f (v)

F (v)
� (&n (v))

�
= � (n� 1)

n dr�1

dvr�1

�
f (v)

F (v)

�
� (&n (v)) + � � �

+

�
r � 1
l

�
dr�1�l

dvr�1�l

�
f (v)

F (v)

�
dl

dvl
� (&n (v)) + � � �

+
f (v)

F (v)

dr�1

dvr�1
� (&n (v))

o
; (32)

where by Faà di Bruno�s formula,

dl

dvl
� (&n (v)) =

Xn l!

m1! +m2! + � � �+ml!
�(m1+m2+���+ml) (&n (v))

�
Y

j:mj 6=0

�
1

j!
&(l)n (v)

�mj o
; (33)

where the sum is over all l-tuples (m1; � � � ;ml) satisfying the constraint 1m1 + 2m2 + � � �+ lml = l.

By plugging (30) and (31) into (32) and substituting &n (v) by (28), i.e.,

&n (v) =
�1 (v)

n
+
�2 (v)

n2
+ � � �+ �k (v)

nk
+ o

�
n�k

�
;

where �1 (v) ; � � � ; �k (v) are known and invariant with n by induction assumptions, we can derive
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from r = 1 to k � 1 that

&(r)n (v) =

r1 (v)

n
+ � � �+


r;k�r (v)

nk�r
+ o

�
nr�k

�
; (34)

where 
r1 (v) ; � � � ; 
r;k�r (v) are known functions invariant with n and &
(r)
n (v) is of order O

�
n�1

�
by the induction assumptions (29). From (33), it follows for l � k � 1

dl

dvl
� (&n (v)) = �0 (&n (v)) &

(l)
n (v) +O

�
n�2

�
=

1

n
�0 (&n (v))

dl

dvl

�
F (v)

f (v)

�
+ o

�
n�1

�
=

1

n

dl

dvl

�
F (v)

f (v)

�
+ o

�
n�1

�
;

where the second equality holds because of (29), and the last equality follows from a Taylor ap-

proximation of �0 (&n (v)). From (30), we have � (&n (v)) = F (v) = (nf (v)) + o
�
n�1

�
. Hence if

k = 1

&(k)n (v) = 1� (n� 1) f (v)
F (v)

� (&n (v)) = o (1) ;

and, if k � 2, substitution of � (&n (v)) and dl� (&n (v)) =dvl into (32) gives

&(k)n (v) = �n� 1
n

n dk�1

dvk�1

�
f (v)

F (v)

�
F (v)

f (v)
+ � � �

+

�
k � 1
l

�
dk�1�l

dvk�1�l

�
f (v)

F (v)

�
dl

dvl

�
F (v)

f (v)

�
+ � � �

+
f (v)

F (v)

dk�1

dvk�1

�
F (v)

f (v)

�o
+ o (1)

= �n� 1
n

dk�1

dvk�1

�
f (v)

F (v)

F (v)

f (v)

�
+ o (1) = o (1) ;

which implies that
dk

dvk
� (&n (v)) = �0 (&n (v)) &

(k)
n (v) +O

�
n�2

�
= o (1) :
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It follows that

&(k+1)n (v) = � (n� 1) d
k

dvk

�
f (v)

F (v)
� (&n (v))

�
= � (n� 1)

n dk

dvk

�
f (v)

F (v)

�
� (&n (v)) + � � �

+

�
k

l

�
dk�l

dvk�l

�
f (v)

F (v)

�
dl

dvl
� (&n (v)) + � � �

+
f (v)

F (v)

dk

dvk
� (&n (v))

o
= o (n) :

As

�n (v) = sn (v) + � (&n (v)) = sn (v) +
1

n� 1
F (v)

f (v)
s(1)n (v) ;

where the second equality follows from (1), we have

�(r)n (v) = s(r)n (v) +
1

n� 1

n dr

dvr

�
f (v)

F (v)

�
s(1)n (v) + � � �

+

�
r

l

�
dr�l

dvr�l

�
f (v)

F (v)

�
s(l+1)n (v) + � � �+ f (v)

F (v)
s(r+1)n (v)

o
:

By substituting (34), it can be rewritten in the following form

�(r)n (v) =
�r1 (v)

n
+ � � �+ �r;k�r (v)

nk�r
+ o

�
nr�k

�
; (35)

where �r1 (v) ; � � � ; �r;k�r (v) are known functions invariant with n for r � k � 1. Furthermore, we

have

�(k)n (v) = s(k)n (v) +
dk

dvk
� (&n (v))

= s(k)n (v) + �0 (&n (v)) &
(k)
n (v) +O

�
n�2

�
= 1 (k = 1) + o

�
n�1

�
;
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where 1 (k = 1) is an indicator of k = 1, and

�(k+1)n (v) = s(k+1)n (v) +
dk+1

dvk+1
� (&n (v))

= s(k+1)n (v) + �0 (&n (v)) &
(k+1)
n (v) + o (1) = o (1) ;

since �0 (&n (v)) = �0 (0)+O (&n (v)) = 1+O
�
n�1

�
, &(k)n (v) = o (1), and &(k+1)n (v) = o (n). Repeated

integration by parts of (22) gives that

� (&n (v)) =
1

n
 1 (v)F (v) + � � �+

(�1)k�1

n (n+ 1) � � � (n+ k � 1) k (v)F
k (v)

+
(�1)k

n (n+ 1) � � � (n+ k � 1)Fn�1 (v)

Z v

v

Fn+k�1 (u) k+1 (u) f (u) du;

where  1 (v) = �0n (v) =f (v) ;  2 (v) =  01 (v) =f (v) ; � � � ;  k+1 (v) =  0k (v) =f (v). As  l (v) is a

polynomial of �0n (v) ; � � � ; �(l)n (v), by substitution of (35), we have for l � k � 1

 l (v) = �l0 (v) +
�l1 (v)

n
+ � � �+

�l;k�l (v)

nk�l
+ o

�
nl�k

�
; (36)

 k (v) = �k0 (v) + o
�
n�1

�
, and  k+1 (v) = �k+1;0 (v) + o (1), where �l0 (v) ; � � � ; �l;k�l (v) are known

functions invariant with n. The Laplace approximation gives

� (&n (v)) =
1

n
 1 (v)F (v) + � � �+

(�1)k�1

n (n+ 1) � � � (n+ k � 1) k (v)F
k (v)

+
(�1)k

n (n+ 1) � � � (n+ k � 1)Fn�1 (v)

Z v

v

e(n+k�1) lnF (u) k+1 (u) f (u) du

=
1

n
 1 (v)F (v) + � � �+

(�1)k�1

n (n+ 1) � � � (n+ k � 1) k (v)F
k (v)

+
(�1)k

n (n+ 1) � � � (n+ k � 1)2
 k+1 (v)F

k+1 (v) + o
�
n�(k+1)

�
:

By substitution of (36), it can be rewritten in the form of (27)

� (&n (v)) =
�1 (v)

n
+
�2 (v)

n2
+ � � �+ �k+1 (v)

nk+1
+ o

�
n�(k+1)

�
; (37)
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with �1; � � � ; �k (v) known by the induction assumptions and �k+1 (v) explicitly derived. Let

&n (v) =
�1 (v)

n
+
�2 (v)

n2
+ � � �+

�k+1 (v)

nk+1
+ o

�
n�(k+1)

�
; (38)

where �1; � � � ; �k (v) are known by the induction assumptions. By substituting (38) into (30) and

matching leading order terms with (37), we can solve for �k+1 (v). Substitute (30) and (31) into

(32) and replace &n (v) by (38). Now we can derive from r = 1 to k that

&(r)n (v) =

r1 (v)

n
+ � � �+


r;k+1�r (v)

nk+1�r
+ o

�
nr�k�1

�
;

where 
r1 (v) ; � � � ; 
r;k+1�r (v) are known functions invariant with n. Speci�cally, &
(k)
n (v) = 
k1 (v) =n+

o
�
n�1

�
. This, together with the induction assumption (29), implies that 
k1 (v) = dk (F (v) =f (v)) =dvk.

Lastly, we can show with analogous arguments that (27)-(29) holding for r � R� 1 implies (29)

holds for r = R.

Corollary A.1 In a �rst-price IPV auction with n (n� 1) bidders, suppose U (�) 2 UR for R � 1.

Given A1 and A2, the equilibrium bid in the symmetric Bayesian Nash equilibrium is given by

sn (v; x) = v � 1

n

F (vjx)
f (vjx) +O(n

�2):

Furthermore, we have &(r)n (v; x) = O(n�1) for 1 � r � R.

Proof of Proposition 2. Let h(v) = sn (v)� sm (v), with n > m � 2. h (v) = 0 implies that

h0 (v) = s0n (v)� s0m (v)

= (n� 1) f (v)
F (v)

� (v � sn (v))� (m� 1)
f (v)

F (v)
� (v � sm (v))

= (n�m) f (v)
F (v)

� (v � sn (v)) > 0;

where the inequality holds because n > m and U(�) is monotonically increasing. Since h (0) = 0, by

the single crossing lemma sn (v) > sm (v) for �v � v > v. As limn!1 sn (�v) = �v by Proposition 1,

(i) follows. Next, gn (b) = f (v) =s0n (v) with b = sn (v). Because f (v) is bounded away from zero by

assumption and s0n (v) is bounded with limn!1 s0n (v) = 1 by Proposition 1, (ii) follows. To prove
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(iii), we note that substitution of gn (b) = f (v) =s0n (v) into (1) gives

gn (b) =
F (v)

(n� 1) (v � sn (v))
; (39)

with b = sn (v). Since (n� 1) (v � sn (v)) = F (v) =f (v) + O(n�1), it follows from Proposition 1

that supb2C jgn (b)j is bounded as n!1. Similarly, g(r)n (b) (r = 1; � � � ; R) can be derived by taking

rth di¤erentiation on both sides of (39). Using mathematical induction, the desired result follows

from Proposition 1.

Proof of Proposition 5. Trivial extension of Proposition 2 based on Corollary A.1.

B Proofs of Statistical Properties

To prove Propositions B.3 and 4 we need two auxiliary lemmas on the uniform convergence of ~Gn (�)

and ~gn (�) de�ned by (4) and (5). Throughout j�jr;� denotes the sup-norm of the rth derivatives of �

on the set �.

Lemma B.1 Suppose for R � 1, F (�) 2 FR, U (�) 2 UR, and ~Gn (�) is given by (4), we have almost

surely ��� ~Gn (b)�Gn (b)���
0;C

= O
�
1=
p
nL
�
;

where C is an arbitrary closed inner subset of S (G1).

Proof. It follows from Proposition 2 that

~Gn (b) =
1

nL

XL

l=1

Xn

p=1
1 (Bpl � b)

=
1

nL

XL

l=1

Xn

p=1
1 (Gn (Bpl) � Gn (b))

=
1

nL

XL

l=1

Xn

p=1
1 (upl � Gn (b)) ;

where upl = Gn (Bpl) is uniformly distributed on [0; 1] since Bpl � Gn (�). Let u = Gn (b) 2 [0; 1],

and nC = min fn : C � Song where Son is the interior of S (Gn). nC exists because of Proposition
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2(i). Then for n > nC ,

��� ~Gn (b)�Gn (b)���
0;C

=

���� 1nLXL

l=1

Xn

p=1
1 (upl � Gn (b))�Gn (b)

����
0;C

=

���� 1nLXL

l=1

Xn

p=1
1 (upl � u)� u

����
0;C

= O(1=
p
nL);

where the last step holds because the empirical distribution of uniform distribution (which does not

depend on n) converges uniformly to the true distribution at the rate of
p
nL.

Lemma B.2 Suppose for R � 1, F (�) 2 FR, U (�) 2 UR, and ~gn (�) as given by (5), we have almost

surely

j~gn (b)� gn (b)j0;C = O (1=r) ;

where C is an arbitrary closed inner subset of S (G1) and r = (nL= log (nL))
R=(2R+1)

:

Proof. The proof relies on the argument of Guerre, Perrigne and Vuong�s (2000) proof for the case

of �xed n. However, the problem is di¤erent because, as we allow both n and L to approach in�nity,

the observations are from a triangular array of random variables shifting with sample size. Hence

the standard consistency results based on the i.i.d. assumption of observations do not apply directly.

We divide the proof into three steps. The �rst step studies the uniform bias of ~gn (�), the second step

studies its uniform variance bound, and the last step establishes the exponential-type inequality. We

simplify notation by omitting the subscript R in hR and KR in this proof. The sup-norm is taken

over the whole support of the function unless otherwise indicated.

Step 1: Uniform Bias

For any closed inner subset C of S (G1), let nC = min fn : C � Song where Son is the interior of

S (Gn). nC exists because of Proposition 2(i). For n > nC ,

E~gn (b) = E
1

nLh

XL

l=1

Xn

p=1
K

�
Bpl � b
h

�
=

Z
K (u) gn (b+ hu) du:

Without loss of generality, suppose u � 0. Then for b 2 C and L su¢ ciently large, ~b 2 [b; b+ hu] �

C 0, where C 0 is a closed inner subset of S (Gn). Since gn (�) admits up to R continuous bounded
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derivatives on any closed inner subset of S (Gn), a Taylor expansion gives

gn (b+ hu)� gn (b) � hug(1)n (b) + � � �+ (hu)
R�1

(R� 1)! g
(R�1)
n (b) +

jhujR

R!
jgnjR;C0 :

As K (�) is of order R, moments of order strictly smaller than R vanish. So we have

jE~gn (b)� gn (b)j0;C = supb2C

����Z K (u) (gn (b+ hu)� gn (b)) du
����

� hR jgnjR;C0
1

R!

�Z
jujRK (u) du

�
= hR jgnjR;C0 M

R;

where MR = (1=R!)
R
jujRK (u) du. It follows from the de�nition of r and h that

r jE~gn (b)� gn (b)j0;C � �RMR jgnjR;C0 : (40)

Step 2: Uniform Variance

For b 2 C, we have

V ar (~gn (b)) = V ar

�
1

nLh

XL

l=1

Xn

p=1
K

�
Bpl � b
h

��
=

1

nLh2
V ar

�
K

�
B � b
h

��
� 1

nLh2
E

�
K

�
B � b
h

��2
=

1

nLh

Z
K2 (u) gn (b+ hu) du:

Let Q =
R
K2 (u) du, it follows that

jV ar (~gn (b))j0;C �
Q jgnj0
nLh

=
Q jgnj0

�r2 log (nL)
: (41)

Step 3: Exponential-type Inequality

In this step, we establish the exponential-type inequality for the probability of deviation of

~gn (b)� gn (b) in sup-norm over C. Let C be covered by T inner intervals of the form

Bt � B (bt;�) = fb 2 S (G1) : b 2 [bt ��; bt +�]g ;
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where bt 2 C and � > 0. Moreover, we consider minimal coverings for C, i.e., coverings for which

T is the smallest number denoted by T (C;�). Let

e (�; �) = �+ 2� jKj1 + �RMR jgnjR;C0 ;

P (�; �) = 2T
�
C; �h2=r

�
exp

�
� ��2 log (nL)

2Q jgnj0 + 4� jKj0 = (3r)

�
;

where �; � are strictly positive constants.

Step 3(a): From (40) and the triangular inequality, we obtain

Pr
�
r j~gn (b)� gn (b)j0;C > e (�; �)

�
� Pr

�
r j~gn (b)� E~gn (b)j0;C + r jE~gn (b)� gn (b)j0;C > e (�; �)

�
� Pr

�
r j~gn (b)� E~gn (b)j0;C > e (�; �)� �RMR jgnjR;C0

�
: (42)

Let ~gn (b)� E~gn (b) = (1=nL)
PnL

i=1 �i;nL (b), where

�i;nL (b) =
1

h

�
K

�
Bi � b
h

�
� EK

�
B � b
h

��
:

As the �i;nL�s are independent zero-mean variables, it follows from (41)

V ar
�
r�i;nL

�
= nLr2V ar (~gn) �

nLQ jgnj0
� log (nL)

:

By the triangular inequality we have

��r�i;nL�� � 2r jKj0
h

=
2nL jKj0
�r log (nL)

:
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Hence the Bernstein inequality gives

Pr (r j~gn (b)� E~gn (b)j > �)

= Pr

�����XnL

i=1
r�i;nL (b)�

XnL

i=1
E
�
r�i;nL (b)

����� > nL�

�
� 2 exp

 
� n2L2�2

2
PnL

i=1 V ar
�
r�i;nL

�
+ 4n2L2� jKj0 = (3�r log (nL))

!

� 2 exp

�
� ��2 log (nL)

2Q jgnj0 + 4� jKj0 = (3r)

�
=

P (�; �)

T (C; �h2=r)
;

for any b 2 C, �, n, and L.

Step 3(b): Consider a minimal covering of C for some � > 0. For any b 2 Bt, we have by the

triangular inequality

r j~gn (b)� E~gn (b)j � sup
1�t�T

���� rnLXnL

i=1
�i;nL (bt)

����+ sup
1�t�T

sup
b2Bt

���� rnLXnL

i=1

�
�i;nL (bt)� �i;nL (b)

����� ;
which implies that

Pr

�
r sup
b2C

j~gn (b)� E~gn (b)j > e (�; �)� �RMR jgnjR;C0

�
� Pr

�
sup
1�t�T

sup
b2Bt

���� rnLXnL

i=1

�
�i;nL (bt)� �i;nL (b)

����� > e (�; �)� �� �RMR jgnjR;C0

�
+Pr

�
r sup
1�t�T

j~gn (bt)� E~gn (bt)j > �

�
: (43)

Since ���� 1hK
�
B � bt
h

�
� 1

h
K

�
B � b
h

����� � � jKj1
h2

;

by the mean value theorem, we have by the triangular inequality

���i;nL (bt)� �i;nL (b)�� � � jKj1
h2

+ E
� jKj1
h2

=
2� jKj1
h2

:

Step 3(c): Let � = �h2=r, it follows

sup
1�t�T

sup
b2Bt

���� rnLXnL

i=1

�
�i;nL (bt)� �i;nL (b)

����� � 2r� jKj1
h2

= 2� jKj1 :
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Hence

Pr

�
sup
1�t�T

sup
b2Bt

���� rnLXnL

i=1

�
�i;nL (bt)� �i;nL (b)

����� > e (�; �)� �� �RMR jgnjR;C0

�
= Pr

�
sup
1�t�T

sup
b2Bt

���� rnLXnL

i=1

�
�i;nL (bt)� �i;nL (b)

����� > 2� jKj1� = 0: (44)

Then it follows from (42), (43), (44), and the Bernstein inequality that

Pr
�
r j~gn (b)� gn (b)j0;C > e (�; �)

�
� Pr

�
r j~gn (b)� E~gn (b)j0;C > e (�; �)� �RMR jgnjR;C0

�
� Pr

�
r sup1�t�T j~gn (bt)� E~gn (bt)j > �

�
�

XT

t=1
Pr (r j~gn (bt)� E~gn (bt)j > �)

� P (�; �) :

The covering number T (C;�) is of order ��1, as the covered set C is an interval. Hence

T
�
C; �h2=r

�
= O((nL= log (nL))

(R+2)=(2R+1)
). By taking � su¢ ciently large, P (�; �) converges as

nL!1. The desired result follows from the Borel-Cantelli lemma and the fact that e (�; �) = O (1).

Proof of Proposition 3. The proof presented here follows Guerre, Perrigne and Vuong�s (2000)

proof for the risk neutrality case. Let

�Vpl = Bpl +
1

n� 1 n (Bpl) ;

with  n (�) = Gn (�) =gn (�). Let ~ n (�) = ~Gn (�) =~gn (�), with ~Gn (�) and ~gn (�) given by (4) and (5)

respectively. Since C (V ) is a closed inner subset of S (F ) and sn (�) is a strictly increasing continuous
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function, C (B) = C (sn (V )) is a closed inner subset of S (Gn). From (3), we have

1C(V ) (Vpl)
���V̂pl � Vpl���

� 1C(V ) (Vpl)
����V̂pl � �Vpl

���+ �� �Vpl � Vpl���
=

1C(B) (Bpl)

n� 1

���~ n (Bpl)�  n (Bpl)���+O(n�2)
=

1C(B) (Bpl)1(V̂pl 6=1)
n� 1

���~ n (Bpl)�  n (Bpl)���
+
1C(B) (Bpl)

�
1� 1(V̂pl 6=1)

�
n� 1

���~ n (Bpl)�  n (Bpl)���+O(n�2):
It is easy to see that 1C(B) (Bpl) (1 � 1(V̂pl 6= 1)) = 0 almost surely for any p and l as n;L ! 1.

Since Gn (�) � 1 and gn (�) has a positive lower bound cg by Proposition 2(ii), we have

1C(B) (Bpl)1(V̂pl 6=1)
���~ n (Bpl)�  n (Bpl)���

=
1C(B) (Bpl)1(V̂pl 6=1)

gn j~gnj

���( ~Gn �Gn)gn + (gn � ~gn)Gn���
�

1C(B) (Bpl)1(V̂pl 6=1)
cg ĉg

���( ~Gn �Gn) jgnj0 + (gn � ~gn)��� :
where ĉg = min fj~gn (Bpl)jg ! cg > 0. It follows from Lemma B.1 and B.2 that

sup1C(B) (Bpl)1(V̂pl 6=1)
���~ (Bpl)�  (Bpl)��� = O (1=r) :

Thus if L!1 and r=n! 0 as n!1, we have almost surely for any closed inner subset C (V ) of

S (F ),

suppl 1C(V )(Vpl)
���V̂pl � Vpl��� = O (1=nr) ; (45)

and, if L!1 and r=n!1 as n!1, we have almost surely for any closed inner subset C (V ) of

S (F ),

suppl 1C(V )(Vpl)
���V̂pl � Vpl��� = O

�
1=n2

�
: (46)
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Proof of Proposition 4. Following Guerre, Perrigne and Vuong (2000), let

~f (v) =
1

nL

LX
l=1

nX
p=1

KR

�
Vpl � v
hR

�
(47)

be the �infeasible�nonparametric estimator of f using the true private values Vpl. Let C 0 (V ) be

an inner closed subset of S (F ) containing all hypercubes of size � (small enough) centered at v in

C (V ). De�ne C 00 (V ) analogously with respect to C 0 (V ). Hence C (V ) � C 0 (V ) � C 00 (V ) � S (F ).

For v 2 C (V ) and n;L large enough, f̂ (v) uses at most observations V̂pl in C 0 (V ) and hence at

most Vpl in C 00 (V ) by the uniform convergence of pseudo-private values V̂pl to Vpl in Proposition 3.

Similarly, ~f (v) uses at most Vpl in C 00 (V ) for any v in C (V ). Hence we have almost surely for n;L

large enough,

���f̂ (v)� ~f (v)
���

=

����� 1

nLhR

LX
l=1

nX
p=1

1C00(V )(Vpl)

"
KR

 
v � V̂pl
hR

!
�KR

�
v � Vpl
hR

�#�����
�

����� 1

nLhR

LX
l=1

nX
p=1

1C00(V )(Vpl)
(V̂pl � Vpl)

hR

@KR

@v

�
v � Vpl
hR

������
+

1

2nLhR

LX
l=1

nX
p=1

1C00(V )(Vpl)
(V̂pl � Vpl)2

h2R

����@2KR

@v2
(v)

����
0

�
supp;l 1C00(V )(Vpl)

���V̂pl � Vpl���
hR

1

nLhR

LX
l=1

nX
p=1

����@KR

@v

�
v � Vpl
hR

�����
+
supp;l 1C00(V )(Vpl)

���V̂pl � Vpl���2
2h3R

����@2KR

@v2
(v)

����
0

:

Let

~K (x) =

����@KR

@v
(x)

���� =Z ����@KR

@v
(u)

���� du:
Thus we have almost surely, as ~K (x) is a well de�ned kernel,

����� 1

nLhR

LX
l=1

nX
p=1

~K

�
v � Vpl
hR

�
� f (v)

�����
0

! 0;
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which implies 1
nLhR

PL
l=1

Pn
p=1 j@KR ((v � Vpl) =hR) =@vj converges uniformly on C (V ) to

f (v)

Z ����@KR

@v
(u)

���� du:
Hence 1

nLhR

PL
l=1

Pn
p=1 j@KR ((v � Vpl) =hR) =@vj is bounded almost surely.

��@2KR (v) =@v
2
��
0
is

bounded by the de�nition of KR (�). We consider the following two cases:

(i) L!1, and r=n! 0 as n!1

From (45), we have almost surely

���f̂ (v)� ~f (v)
���
0;C(V )

= O

 
1

n

�
log nL

nL

�(R�1)=(2R+1)!
+O

 
1

n2

�
log nL

nL

�(2R�3)=(2R+1)!
:

If R = 1, then r=n! 0 implies that

���f̂ (v)� ~f (v)
���
0;C(V )

= O

 
1

n

�
log nL

nL

�(R�1)=(2R+1)!
:

If R � 2, then (2R� 3) = (2R+ 1) � (R� 1) = (2R+ 1), which also implies that

���f̂ (v)� ~f (v)
���
0;C(V )

= O

 
1

n

�
log nL

nL

�(R�1)=(2R+1)!
= O

�
1

nrhR

�
:

Since r=n! 0 implies 1= (nhR)! 0, we have almost surely

���f̂ (v)� f (v)���
0;C(V )

�
����f̂ (v)� ~f (v)

���
0;C(V )

+
��� ~f (v)� f (v)���

0;C(V )

�
= O

�
1

nrhR

�
+O

�
1

r

�
= O

�
r�1
�
;

where j ~f (v)�f (v) j0;C(V ) = O
�
r�1
�
follows from analogous arguments used in the proof for Lemma

B.2.

(ii) L!1, and r=n!1 as n!1

From (46), we have almost surely

jf̂ (v)� ~f (v) j0;C(V ) = O
�
n2hR

��1
+O(n4h3R)

�1:
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If (nhR)
�1 ! 0, then jf̂ (v) � ~f (v) j0;C(V ) = O

�
n2hR

��1
. Hence, if (r=n) (nhR)

�1 ! 0, we have

almost surely that jf̂ (v)�f (v) j0;C(V ) = O
�
n2hR

��1
+O

�
r�1
�
= O

�
r�1
�
; and if (r=n) (nhR)

�1 !

1, we have almost surely that jf̂ (v)� f (v) j0;C(V ) = O
�
n2hR

��1
+O

�
r�1
�
= O

�
n2hR

��1
. On the

other hand, if (nhR)
�1 ! 1, then jf̂ (v)� ~f (v) j0;C(V ) = O(n4h3R)

�1. We have almost surely that

jf̂ (v)� f (v) j0;C(V ) = O(n4h3R)
�1 +O

�
r�1
�
= O(n4h3R)

�1.

Proof of Proposition 6. Trivial extension of Proposition 2 in Guerre, Perrigne and Vuong (2000).

To prove Proposition 7 we need an auxiliary lemma on the uniform convergence of ~Gn (b; x; i)

~gn (b; x; i) and ~f (v; x) de�ned in (8) (9) and (55).

Lemma B.3 Suppose A1-A4 hold, and L!1, (nhg)�1 ! 0 as n!1. We have almost surely

j ~Gn (b; x; i)�Gn (b; x; i) j0;C = O (1=rG) ;

j~gn (b; x; i)� gn (b; x; i) j0;C = O (1=rg)

j ~f (v; x)� f (v; x) j0;C = O (1=rf ) ;

where C is an arbitrary closed inner subset of S (G1), rG = (L= logL)
(R+1)=(2R+d+2), and rg =

rf = (L= logL)
R=(2R+d).

Proof. The proof relies on the argument of Guerre, Perrigne and Vuong�s (2000) proof for the

case of �xed n. However the problem is di¤erent as we are interested in the asymptotic properties

of the estimators allowing both n and L to approach in�nity. The arguments are more involved

here, because Gn (�; �; �) shifts with sample size, and (Bpl; Xl; Il) and (Vpl; Xl) observed in the same

auction are correlated. We divide the proof into three steps. The �rst step studies the uniform bias,

the second step studies the uniform variance bound, and the last step establishes exponential-type

inequality. As the proofs are similar, we only detail the proof for ~gn (�; �; �), as it is the most di¤erent

from Guerre, Perrigne and Vuong�s (2000) proof. The sup-norm is taken over the whole support of

the function unless otherwise indicated.

Step 1: Uniform Bias
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For any closed inner subset C of S (G1), let nC = min fn : C � Song where Son is the interior of

S (Gn). nC exists because of Proposition 5(i). For n > nC ,

E~gn (b; x; i) = E

�
1

hd+1g

Kg

�
Bp � b
hg

;
X � x
hg

; 0

�
1 (I = i)

�
=

Z Z
Kg (u; y; 0) gn (b+ hgu; x+ hgy; i) dudy:

De�ne 
 (t) = gn (b+ thgu; x+ thgy; i)�gn (b; x; i) for t 2 [0; 1]. For L large enough, (b+ thgu; x+ thgy) 2

(b; x) + S (hg) � C 0i for (b; x; i) 2 C and t 2 [0; 1], where C 0i is a closed inner subset of S (Gn (�; �; i)).

Since gn (�; �; �) admits up to R continuous bounded derivatives with

j
jR;[0;1] � hRg k(u; y)k
R jgnjR;C0 :

Thus a Taylor expansion gives


 (1)� 
 (0) � 
(1) (0) + � � �+ 1

(R� 1)!

(R) (0) +

1

R!
j
jR;[0;1] ;

where 
(r) (0) is a polynomial of order r in (u; y). As Kg (�; �) is of order R, moments of order strictly

smaller than R vanish. It follows that

jE~gn (b; x; i)� gn (b; x; i)j0;C

=

����Z Kg (u; y; 0) (
 (1)� 
 (0)) dudy
���� � hRg

1

R!
jgnjR;C0

Z
k(u; y)kR jKg (u; y; 0)j dudy

= hRgM
R
g jgnjR;C0 = �RgM

R
g jgnjR;C0 =rg; (48)

where MR
g = (1=R!)

R
k(u; y)kR jKg (u; y; 0)j dudy.

Step 2: Uniform Variance
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For (b; x; i) 2 C, we have

V ar (~gn (b; x; i))

= V ar

 
1

Lhd+1g

LX
l=1

1 (Il = i)

ni

niX
p=1

Kg

�
Bpl � b
hg

;
Xl � x
hg

; 0

�!

=
1

Lh
2(d+1)
g

V ar

 
1 (I = i)

ni

niX
p=1

Kg

�
Bpl � b
hg

;
Xl � x
hg

; 0

�!

� 1

Lh
2(d+1)
g

E

 
1 (I = i)

ni

niX
p=1

Kg

�
Bpl � b
hg

;
Xl � x
hg

; 0

�!2

=
1

Lh
2(d+1)
g

E

 
1 (I = i)

(ni)2

niX
p=1

K2
g

�
Bpl � b
hg

;
Xl � x
hg

; 0

�!

+
1

Lh
2(d+1)
g

E

0@1 (I = i)

(ni)2

niX
p=1

niX
q=1;q 6=p

Kg

�
Bpl � b
hg

;
Xl � x
hg

; 0

�
Kg

�
Bql � b
hg

;
Xl � x
hg

; 0

�1A
=

1

(ni)Lhd+1g

Z
K2
g (u; y; 0) gn (b+ hgu; x+ hgy; i) dudy

+
ni� 1
(ni)Lhdg

Z
Kg (u1; y; 0)Kg (u2; y; 0)

�gn;Bj(X;I) (b+ hgu1jx+ hgy; i) gn;Bj(X;I) (b+ hgu2jx+ hgy; i) gn;(X;I) (x+ hgy; i) du1du2dy:

Let Qg1 =
R
K2
g (u; y; 0) dudy and Qg2 =

R
Kg (u1; y; 0)Kg (u2; y; 0) du1du2dy.

jV ar (~gn (b; x; i))j0;C �
Qg1 jgnj0
(ni)Lhd+1g

+
(ni� 1)Qg2

���g2n;Bj(X;I)gn;(X;I)���
0

(ni)Lhdg
: (49)

Step 3: Exponential-type Inequality

In this step, we establish the exponential-type inequalities for the probabilities of deviations of

~gn (b; x; i)� gn (b; x; i) in sup-norm over Ci, where Ci = f(b; x) : (b; x; i) 2 Cg. Let Ci be covered by

T inner �balls�of the form

Bit � Bi ((bt; xt) ;�) = f(b; x) 2 S (G1) : b 2 [bt ��; bt +�] ; x 2 [xt ��; xt +�]g ;
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where (bt; xt) 2 Ci, and � > 0 for t = 1; � � � ; T . Moreover, we consider minimal coverings for Ci,

i.e., coverings for which T is the smallest number denoted by T (Ci;�). Let

eg (�; �) = �+ 2(d+ 1)� jKgj1 + �
R
gM

R
g jgnjR;C0 ;

Pg (�; �) = 2T
�
Ci; �h

d+2
g =rg

�
� exp

0@� �dg�
2 logL

2Qg1 jgnj0 =(nihg) + 2(1 + 1=ni)Qg2
���g2n;Bj(X;I)gn;(X;I)���

0
+ 4� jKgj0 = (3rghg)

1A ;

where � and � are strictly positive constants.

Step 3(a): From (48) and the triangular inequality, we obtain

Pr
�
rg j~gn � gnj0;C > eg (�; �)

�
� Pr

�
rg j~gn � E~gnj0;C + rg jE~gn � gnj0;C > eg (�; �)

�
� Pr

�
rg j~gn � E~gnj0;C > eg (�; �)� �RgMR

g jgnjR;C0

�
: (50)

Let ~gn (b; x; i)� E~gn (b; x; i) = (1=L)
PL

m=1 �mL (b; x; i), where

�mL (b; x; i) =
1

nihd+1g

niX
p=1

n
Kg

�
Bpm � b
hg

;
Xm � x
hg

; 0

�
1 (Im = i)

�E
�
Kg

�
Bp � b
hg

;
X � x
hg

; 0

�
1 (I = i)

�o
:

As the �mL�s are independent zero-mean variables for m = 1; � � � ; L, it follows from (49)

V ar (rg�mL (b; x; i)) = Lr2gV ar (~gn) �
Lr2gQg1 jgnj0
(nihg)Lhdg

+
(ni� 1)Lr2gQg2

���g2n;Bj(X;I)gn;(X;I)���
0

(ni)Lhdg

=
LQg1 jgnj0

(nihg)�
d
g logL

+
(ni� 1)LQg2

���g2n;Bj(X;I)gn;(X;I)���
0

(ni)�dg logL
:

By the triangular inequality we have

jrg�mL (b; x; i)j �
2rg

hd+1g

jKgj0 =
2L jKgj0

�dgrghg logL
:
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Hence the Bernstein inequality gives

Pr (rg j~gn (b; x; i)� E~gn (b; x; i)j > �)

= Pr

 �����
LX

m=1

rg�mL (b; x; i)�
LX

m=1

E (rg�mL (b; x; i))

����� > L�

!

� 2 exp

0@� L2�2

2
PL

m=1 V ar (rg�mL) + 4L
2� jKgj0 =

�
3�dgrghg logL

�
1A

� 2 exp

0@� �dg�
2 logL

2Qg1 jgnj0 =(nihg) + 2(1 + 1=ni)Qg2
���g2n;Bj(X;I)gn;(X;I)���

0
+ 4� jKgj0 = (3rghg)

1A
=

Pg (�; �)

T
�
Ci; �h

d+2
g =rg

� ;
for any (b; x; i) 2 C, �, n, and L.

Step 3(b): Consider a minimal covering of C for some � > 0. For any b 2 Bt, we have

rg j~gn (b; x; i)� E~gn (b; x; i)j0;Ci � sup
1�t�T

����rgL XL

m=1
�mL (bt; xt; i)

����
+ sup
1�t�T

sup
(b;x)2Bit

����rgL XL

m=1
(�mL (bt; xt; i)� �mL (b; x; i))

���� :
This gives

Pr
�
rg j~gn (b; x; i)� E~gn (b; x; i)j0;Ci > e (�; �)� �RgMR

g jgnjR;C0

�
� Pr

 
sup
1�t�T

sup
(b;x)2Bit

����rgL XL

m=1
(�mL (bt; xt; i)� �mL (b; x; i))

���� > e (�; �)� �� �RgMR
g jgnjR;C0

!

+Pr

�
rg sup

1�t�T
j~gn (bt; xt; i)� E~gn (bt; xt; i)j > �

�
: (51)

For any (b; x) 2 Bit, it follows from the mean value theorem

���� 1

hd+1g

Kg

�
B � bt
hg

;
X � xt
hg

; 0

�
� 1

hd+1g

Kg

�
B � b
hg

;
X � x
hg

; 0

����� � (d+ 1)�

hd+2g

jKgj1 :

The triangular inequality gives

j(�mL (bt; xt; i)� �mL (b; x; i))j �
(d+ 1)�

hd+2g

jKgj1 + E
(d+ 1)�

hd+2g

jKgj1 =
2(d+ 1)�

hd+2g

jKgj1 :
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Step 3(c): Let � = �hd+2g =rg; it follows that

sup
1�t�T

sup
b2Bt

����rgL XL

m=1
(�mL (bt; xt; i)� �mL (b; x; i))

���� � 2rg(d+ 1)�

hd+2g

jKgj1 = 2(d+ 1)� jKgj1 :

Hence

Pr

�
sup
1�t�T

sup
b2Bt

����rgL XL

m=1
(�mL (bt; xt; i)� �mL (b; x; i))

���� > e (�; �)� �� �RgMR
g jgnjR;C0

�
= 0:

(52)

Then it follows from (50), (51), (52), and the Bernstein inequality that

Pr
�
rg j~gn � gnj0;C > eg (�; �)

�
� Pr

�
rg j~gn (b; x; i)� E~gn (b; x; i)j0;Ci > e (�; �)� �RgMR

g jgnjR;C0

�
� Pr

�
rg sup

1�t�T
j~gn (bt; xt; i)� E~gn (bt; xt; i)j > �

�
�

XT

t=1
Pr (rg j~gn (bt; xt; i)� E~gn (bt; xt; i)j > �) � P (�; �) :

As the dimension of the covered set C is d+1, the covering number T (C;�) is of order ��(d+1).

Hence T
�
C; �hd+2g =rg

�
= O(L= logL)(d+1)(R+d+2)=(2R+d). By taking � su¢ ciently large, P (�; �)

converges as L ! 1. The desired result follows from the Borel-Cantelli lemma and the fact that

e (�; �) = O (1).

Proof of Proposition 7. First, the uniform consistency of pseudo-private values follows from

similar arguments as used in the proof of Proposition 3. If L ! 1, rg=n ! 0 as n ! 1, we have

almost surely for any closed inner subset C (V ) of S (F ),

suppl 1C(V )(Vpl; Xl)
���V̂pl � Vpl��� = O (1=nrg) ; (53)

and, if L ! 1, rg=n ! 1 as n ! 1, we have almost surely for any closed inner subset C (V ) of

S (F ),

suppl 1C(V )(Vpl; Xl)
���V̂pl � Vpl��� = O

�
1=n2

�
: (54)

To establish the uniform consistency of the two-step estimator, let

~f (v; x) =
1

nLhd+1f

LX
l=1

1

Il

nIlX
p=1

Kf

�
Vpl � v
hf

;
Xl � x
hf

�
(55)
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be the �infeasible�nonparametric estimator of f using the true private values Vpl. Let C 0 (V ) be an

inner closed subset of S (F ) containing all hypercubes of size � (small enough) centered at (v; x) in

C (V ). De�ne C 00 (V ) analogously with respect to C 0 (V ). Hence C (V ) � C 0 (V ) � C 00 (V ) � S (F ).

For (v; x) 2 C (V ) and n;L large enough, f̂ (v; x) uses at most observations (V̂pl; Xl) in C 0 (V ) and

hence at most (Vpl; Xl) is in C 00 (V ) by the uniform convergence of pseudo-private values V̂pl to Vpl.

Similarly, ~f (v; x) uses at most (Vpl; Xl) in C 00 (V ) for any (v; x) in C (V ). Hence we have almost

surely for n;L large enough,

���f̂ (v; x)� ~f (v; x)
���

=

����� 1

nLhd+1f

LX
l=1

1

Il

nIlX
p=1

1C00(V )(Vpl; Xl)

"
Kf

 
V̂pl � v
hf

;
Xl � x
hf

!
�Kf

�
Vpl � v
hf

;
Xl � x
hf

�#�����
�

����� 1

nLhd+1f

LX
l=1

1

Il

nIlX
p=1

1C00(V )(Vpl; Xl)
(V̂pl � Vpl)

hf

@Kf

@v

�
Vpl � v
hf

;
Xl � x
hf

������
+

1

2nLhd+1f

LX
l=1

1

Il

nIlX
p=1

1C00(V )(Vpl; Xl)
(V̂pl � Vpl)2

h2f

����@2Kf

@v2

�
v;
Xl � x
hf

�����
0

�
supp;l 1C00(V )(Vpl; Xl)

���V̂pl � Vpl���
hf

1

nLhd+1f

LX
l=1

1

Il

nIlX
p=1

����@Kf

@v

�
Vpl � v
hf

;
Xl � x
hf

�����
+
supp;l 1C00(V )(Vpl; Xl)

���V̂pl � Vpl���2
2h3f

1

Lhdf

LX
l=1

����@2Kf

@v2

�
v;
Xl � x
hf

�����
0

:

The two sums may be viewed as kernel estimators and hence uniformly bounded on C(V ). We

consider the following two cases:

(i) L!1, and rf=n! 0 as n!1

From (53), we have almost surely

���f̂ (v; x)� ~f (v; x)
���
0;C(V )

= O

 
1

n

�
logL

L

�(R�1)=(2R+d)!
+O

 
1

n2

�
logL

L

�(2R�3)=(2R+d)!
:

If R = 1, then rf=n! 0 implies that

���f̂ (v; x)� ~f (v; x)
���
0;C(V )

= O

 
1

n

�
log nL

nL

�(R�1)=(2R+1)!
:
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If R � 2, then (2R� 3) = (2R+ d) � (R� 1) = (2R+ d), which also implies that

���f̂ (v; x)� ~f (v; x)
���
0;C(V )

= O

 
1

n

�
log nL

nL

�(R�1)=(2R+d)!
= O

�
1

nrfhf

�
:

Since rf=n! 0 implies 1= (nhf )! 0, we have almost surely

���f̂ (v; x)� f (v; x)���
0;C(V )

�
����f̂ (v; x)� ~f (v; x)

���
0;C(V )

+
��� ~f (v; x)� f (v; x)���

0;C(V )

�
= O

�
1

nrfhf

�
+O

�
1

rf

�
= O(r�1f );

where j ~f (v; x)� f (v; x) j0;C(V ) = O(r�1f ) follows from Lemma B.3.

(ii) L!1, and rf=n!1 as n!1

From (54), we have almost surely

jf̂ (v; x)� ~f (v; x) j0;C(V ) = O
�
n2hf

��1
+O(n4h3f )

�1 = O
�
n2hf

��1
;

as (nhf )
�1 ! 0. Hence, if (rf=n) (nhf )

�1 ! 0, we have almost surely that jf̂ (v; x)�f (v; x) j0;C(V ) =

O
�
n2hf

��1
+O(r�1f ) = O(r�1f ); and if (rf=n) (nhf )

�1 !1, we have almost surely that jf̂ (v; x)�

f (v; x) j0;C(V ) = O
�
n2hf

��1
+O(r�1f ) = O

�
n2hf

��1
.

References

Athey, S. 2001. �Single crossing properties and the existence of pure strategy equilibria in games of

incomplete information.�Econometrica 69:861�889.

Bajari, P. and A Hortacsu. 2005. �Are structural estimates of auction models reasonable? evidence

from experimental data.�Journal of Political Economy 113:703�741.

Bierens, H. J. 1987. Kernel estimators of regression functions. In Advances in Economic Theory:

Fifth World Congress, ed. T. F. Bewley. Cambridge: Cambridge University Press.

Campo, S. 2004. �Asymmetry and risk aversion within the independent private paradigm: the case

of the construction procurements.�Working Paper, UNC at Chapel Hill.

45



Campo, S., E. Guerre, I. Perrigne and Q. Vuong. 2006. �Semiparametric estimation of �rst-price

auctions with risk averse bidders.�Working Paper, Pennsylvania State University.

Copson, E. T. 1965. Asymptotic Expansions. Cambridge, UK: Cambridge University Press.

Devroye, L. 1987. A Course in Density Estimation. Boston, Basel, Stuttgart: Birkhauser.

Fan, J. and J. S. Marron. 1992. �Comparison of Data-Driven Bandwidth Selectors.� Journal of

American Statistical Association 85:66�72.

Fibich, G. and A. Gavious. 2003. �Asymmetric �rst-price auction - a perturbation approach.�

Mathematics of Operations Research 28:836�852.

Fibich, G., A. Gavious and A. Sela. 2004. �Asymptotic analysis of large auctions.�Working Paper.

Groeneboom, P. 1996. Lectures on inverse problems. In Lectures on Probability Theory and Statistics,

ed. P. Bernard. Number 1648 New York: Springer Verlag.

Guerre, E., I. Perrigne and Q. Vuong. 2000. �Optimal Nonparametric Estimation of First-Price

Auction.�Econometrica 68:525�574.

Hardle, W. 1991. Applied Nonparametric Regression (Econometric Society Monographs). Cambridge:

Cambridge University Press.

Ibragimov, I. A. and R. Z. Has�minskii. 1981. Statistical Estimation: Asymptotic Theory. New York:

Springer Verlag.

Lebrun, B. 1999. �First price auctions and the asymmetric n bidder case.�International Economic

Review 40:125�142.

Maskin, E. and J. Riley. 1984. �Optimal auctions with risk averse buyers.�Econometrica 52:1473�

1518.

Maskin, E. and J. Riley. 2000. �Equilibrium in sealed high bid auctions.� Review of Economic

Studies 67:439�454.

Maskin, E. and J. Riley. 2003. �Uniqueness in sealed high bid auctions.�Games and Economic

Bahavior 45:395�409.

46



Matthews, S. 1987. �Comparing auctions for risk averse buyers: a buyer�s point of view.�Econo-

metrica 55:633�646.

Murray, J. D. 1984. Asymptotic Analysis. New York: Springer-Verlag.

Riley, J. G. and W. F. Samuelson. 1981. �Optimal auctions.�American Economic Review 71:381�

392.

Rustichini, A., M. A. Satterthwaite and S. Williams. 1994. �Convergence to e¢ ciency in a simple

market with incomplete information.�Econometrica 62:1041�1063.

Satterthwaite, M. A. and S. Williams. 1989. �The rate of convergence to e¢ ciency in the buyer�s

bid double auction as the market becomes large.�The Review of Economic Studies 56:477�498.

Stone, C. J. 1980. �Optimal rates of convergence for nonparametric estimators.�The Annals of

Statistics 8:1348�1360.

Stone, C. J. 1982. �Optimal global rates of convergence for nonparametric regression.�The Annals

of Statistics 10:1040�1053.

47


