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1 Introduction

In this paper, we explore the robustness of Guerre, Perrigne and Vuong’s (2000) two-step nonpara-
metric estimation procedure in first-price, sealed-bid auctions with a large number of risk averse
bidders.

The seminal work by Guerre, Perrigne and Vuong (2000) has shown that the underlying distri-
bution of bidders’ values is nonparametrically identified from the observations of submitted bids in
first-price, independent private value (FP-IPV) auctions with risk neutral bidders. Based on the
equilibrium bidding behavior, they propose a two-step kernel-based estimator for the latent density
of bidders’ private values wherein the unobserved private values are estimated in the first step. The
proposed two-step estimator is optimal in terms of the uniform convergence rate. As the private
values are estimated from submitted bids, the best uniform convergence rate of this “indirect es-
timation” problem (Groeneboom, 1996) is slower than the best uniform convergence rate given by
Stone (1982) when the private values are observable. However, when bidders are potentially risk
averse, Campo et al. (2006) have shown that the distribution of bidders’ private values and bidders’
utility functions in FP-IPV auctions cannot be nonparametrically identified from observed bids. To
estimate the latent density of bidders’ private values, it is necessary to specify the utility function
parametrically. They propose a multi-step semiparametric estimation procedure wherein the utility
function is recovered parametrically in the initial steps. In deriving asymptotic properties, both
works assume that the number of bidders n in each auction is fixed and the number of observed
auctions L approaches infinity.

On the other hand, as n goes to infinity, it has been shown that the discrepancy between risk
averse bidding behavior and risk neutral bidding behavior is of order O(n~2) (Fibich, Gavious
and Sela, 2004) and the discrepancy between strategic bidding behavior and perfectly competitive
behavior, wherein bidders simply bid their value, is of order O(n~1). In other words, as the size of
an auction increases, the effect of risk aversion diminishes much faster than the rate at which the
strategic bidding behavior degenerates to the price-taking behavior in perfect competition. Hence
when the size of auction is large, Guerre, Perrigne and Vuong’s (2000) two-step nonparametric
estimator based on strategic bidding behavior may possess some robust properties against potential
risk aversion. In this paper, we study the asymptotic properties of Guerre, Perrigne and Vuong’s

(2000) two-step nonparametric estimator allowing both the number of bidders n and the number of



auctions L to approach infinity. We show that when n increases not too slowly relative to L, the
two-step nonparametric estimator of the latent density of private values is consistent and attains
the best uniform convergence rate given by Stone (1982) as if bidders’ private values are observable.

Allowing both n and L to diverge to infinity introduces some extra complications in the analysis.
Since the unknown private values are recovered from the observations of submitted bids and the
estimated bid density, the smoothness of bid density and the uniform convergence rate of its estimator
are crucial in determining the convergence rate of Guerre, Perrigne and Vuong’s (2000) two-step
estimator. As the equilibrium bid density depends on n, the derivatives of bid density that are
bounded with fixed n could be unbounded as n — oo, and there is no standard result on the best
uniform convergence rate for the nonparametric estimation of a density that is shifting with sample
size as the bid density is here. Furthermore, when there exists observed heterogeneity across auctions,
we need to estimate the density of private values conditional on the “fixed effects” characterizing
heterogeneity across auctions. However, the best uniform convergence rate of the estimator for a
conditional (or joint) density with observations in such a panel structure, where private values are
of order O(nL) and “fixed effects” variables are of order O(L), has seldom been addressed in the
literature. We show that the kernel estimator for the conditional density of private values given the
“fixed effects” can attain the best uniform convergence rate at which the marginal density of “fixed
effects” can be estimated.!

We conduct a Monte Carlo experiment to study the finite sample performance of Guerre, Perrigne
and Vuong’s (2000) two-step nonparametric estimator and get some interesting results. The two-step
nonparametric estimator performs reasonably well in the presence of significant risk aversion when
the number of bidders is six. In other words, an auction with six bidders can be considered as a large
auction. In addition, the two-stage nonparametric estimation procedure sometimes outperforms the
multi-step semiparametric estimation procedure when the utility function is misspecified.

This rest of the paper is organized as follows. Section 2 presents the first-price, sealed-bid
auction model with risk averse bidders and derives the asymptotic approximation of the equilibrium
bidding function. Section 3 establishes the uniform consistency with the convergence rate of Guerre,
Perrigne and Vuong’s (2000) two-step nonparametric estimator in large auctions with risk averse

bidders. Section 4 specifies Monte Carlo experiments and reports the results. Section 5 briefly

IWe assume that the marginal density of “fixed effects” is as smooth as the conditional density of the private
values.



concludes.

2 Large Auctions with Risk Averse Bidders

Suppose there are a large number of potential buyers competing for a single, indivisible item. The
number of potential buyers n (n > 1) is common knowledge?. In the first-price, sealed-bid auction
under the independent private value (IPV) paradigm, the buyers simultaneously submit bids, and
the highest bidder wins and pays his own bid to the seller. Buyer p’s value v, (p = 1,---,n)
for the auctioned item is his private information, while it is commonly known that the values
are independently distributed on [v,9] C RT according to a common distribution F'(-), which is
absolutely continuous with density f(-) > 0. Each bidder is potentially risk averse with utility
given by a common von Neumann-Morgenstern utility function U (-), which is twice continuously
differentiable with U’ (-) > 0 and U” () < 0. The seller is assumed to be risk neutral. Moreover, we
assume each bidder’s initial wealth w > 0 is the same and commonly known.

Suppose the equilibrium bid for the pth bidder with private value v, in an auction with n bidders
is by = sy, (vp). Following Maskin and Riley (2000; 2003), and Athey (2001), the unique symmetric
Bayesian Nash equilibrium of the corresponding game is characterized by the following differential

equation in s, (+)

8 (vp) = (n—1) F (v,) A(vp = 8 (vp)) 4 (1)

where A (1) = (U (w++) — U (w)) /U’ (w + -). The boundary condition is given by s, (v) = v.

In general, the equilibrium strategy is intractable without specification of a functional form for
U (-). However, analytical approximations to the equilibrium strategy s, (-) can be derived. To
proceed, we need some regularity assumptions on U (-) and F (-) following Campo et al. (2006) as
summarized in the following definitions. Throughout we denote the support of x by S (x), and the
rth derivative of * by (") (r > 0) with *(©) = x.
Definition 1 For R > 1, let Ug be the set of van Neumann-Morgenstern utility functions U (-) with

iitial wealth w > 0 such that:

(i) U :[0,00) — [0,00);

2We assume in this paper that the reservation price is nonbinding, hence the number of potential bidders is equal
to the number of actual bidders.



(ii) U (+) is continuous on S (U), and admits up to R+2 continuous bounded derivatives on (0, 00)

with U' (-) >0 and U" (-) <0 on (0,00).
Definition 2 For R > 1, let Fr be the set of distributions F (-) such that:
(i) S(F)=A{v:vev,0]}, with 0 <v << 00;
(i) f(v) >cy >0 forveS(F);
(iii) F(-) admits up to R+ 1 continuous bounded derivatives on S (F).

Except for the additional assumption that w > 0, U and Fg are defined similar to Campo et al.
(2006) and thus have similar implications. Definition 1 requires that A (z) admits R + 1 continuous
bounded derivatives on [0,00), and Definition 2 specifies the smoothness of F(-) and requires the
corresponding density f (v) to be bounded away from zero on S (F). These regularity assumptions
are quite weak. The additional assumption on initial wealth is to guarantee proper behavior of
the utility function at the initial wealth level. To relax this assumption so that w > 0, Definition
1(ii) needs to be replaced by the stronger assumption that “U (-) is continuous and admits up to
R + 2 continuous bounded derivatives on S (U) with U’ (-) > 0 and U” (-) < 0 on S(U)”. The
assumption on initial wealth is necessary for analytical approximation of the equilibrium bidding
behavior in large auctions. Furthermore, we assume that the private values and the number of
bidders are independent so that f (v|n) = f(v). As noted by Guerre, Perrigne and Vuong (2000),
this assumption is justified by the economic model. Otherwise, endogenous entry to the auction
should be considered, which is outside the scope of this paper.

It is well known that, as the number of bidders n approaches infinity, the equilibrium bid ap-
proaches the bidder’s private value under quite general conditions. Applying repeated integration by

parts and the Laplace approximation (Copson, 1965) to the integral form of the differential equation

(1),
A(vp — sp (vp)) = M/ ’ F Y (u)d (sp (u) + X (u— s, (),

we can derive the leading order deviation of the equilibrium bid from the private value. This is

formally stated in the following proposition.> Another contribution of Proposition 1 is to characterize

3Fibich, Gavious and Sela (2004) have shown (2) based on the unproved claim that s}, (v) =1+ O (n~1), which,
in general, is not directly implied by the (uniform) convergence of sy (v). Here we take a different approach to derive
the leading order deviation of sy, (v) from v. The approach presented here is more rigorous as s}, (v) =1+ O (n‘l)
is proved instead of assumed and more general as it allows us to express s (v) as its asymptotic expansion with
precision of O (n_(R'H)) instead of just the leading order deviation.



the implied smoothness of the equilibrium bidding function as n — oo, which is used to derive
the uniform convergence rate of the two-step nonparametric estimator in the next section. Let

Sn(v) = v — 5,(v) be the consumer surplus conditional on winning.

Proposition 1 In a first-price IPV auction with n (n > 1) bidders, if F () € Fr and U () € Ug

for R > 1, the equilibrium bid in the symmetric Bayesian Nash equilibrium is given by

_U_EF(U) n=2).4
sa(v) = v = -l O 72) 2

Furthermore, we have <\, (v)=0(n1) for1 <r<R.

Let Gy, (+) denote the distribution of equilibrium bids. We have G,, (b) = F (v) with support S(G.,)
{b : b € [v,8,(0)]} and density g, (b)) = f(v)/s,(v) = f(v) + O(n~!) by Proposition 1, where

v =s.1(b). It follows from (2) that

+0(n™?), (3)

which represents the unobserved private value as a function of the observed bid with an error of
order O(n~?). This allows us to employ Guerre, Perrigne and Vuong’s (2000) two-step nonparametric
estimation procedure to recover the underlying distribution of risk averse bidders’ private values with

satisfactory precision when n is large.

3 Nonparametric Estimation and Robustness

3.1 Estimation Procedure and Asymptotic Properties

To clarify conceptual issues, we first consider L homogeneous auctions with n bidders in each auction.
In order to implement Guerre, Perrigne and Vuong’s (2000) two-step nonparametric estimation
procedure, we first need to estimate the distribution of equilibrium bids G, (-), which depends on
the number of bidders. Hence it is important to study the implied smoothness of G,, () as n — .
The following proposition summarizes the properties of G,, () relevant to the asymptotic properties

of the nonparametric estimator.

4Throughout fn () = gn (z) + O (nP) or fn(z) = gn (z) + o(nP) means sup, |fn (z) — gn (z)] = O (nP) or
sup,, |fn (@) — gn (x)| = o (nP) respectively, for a pair of functions fy (-) and gn (-) and a constant p.



Proposition 2 If F (-) € Fr and U (-) € Ur for R > 1, the distribution G, () satisfies:

(i) its support is S(Gp) = {b:bec[v,s,(V)]}, with inf,cqa3...1 (5, (V) —v) > 0. Moreover,
S(G,) C S (Gpyr) for allm € {2,3,---}, and lim, . S (G,) = S (F);

(i1) forbe S(Gp), gn (b) > ¢4 >0 asn — oo;

(iii) if C is a closed subset of the interior of S (Gx), then gy (+) is bounded and admits up to R

continuous bounded derivatives on C' as n — oo.

Contrary to its counterpart with fixed n derived in Campo et al. (2006) where g, () is smoother
than f(-) with R 4+ 1 continuous bounded derivatives, Proposition 2(iii) shows that as n — oo,
the uniform boundedness of the (R + 1)th derivative of g, () cannot be implied from the existing
assumptions on the structure [U, F.

Following Guerre, Perrigne and Vuong (2000), with the observations {Bp;p = 1,---,n,l =
1,---, L}, the bid distribution G, (-) and density g, (-) can be nonparametrically estimated respec-

tively by the empirical distribution and the kernel density estimator of the form

n

L
G, (b) = %ZZl(Bplgb), (4)
=1 p=1
L n
0 = Sk () @

where hg is a bandwidth such that hgr = X (log (nL) /nL)l/(ZRH) with A being a strictly positive
constant, and Kg (+) is a symmetric kernel of order R with a compact support and twice continuous
bounded derivatives satisfying [ Kg (b)db =1 and [ K% (b) db < co. Note that classical asymptotic
results regarding the empirical distribution and kernel estimator based on the i.i.d. assumption of
observations do not apply to the current model as n — oo, because the equilibrium bid and hence
its distribution depend on the number of bidders n. The uniform consistency of G, and §, with
the convergence rate based on a triangular array of random variables that are independent but not
identically distributed as we have here is derived in the appendix.

Because the kernel estimator is asymptotically biased at the boundaries of the support, Guerre,
Perrigne and Vuong (2000) suggest trimming the observations By, that are too close to the boundaries
of S(G,). However, in our case, as n increases, S (G) is expanding such that lim, . S (G,) =

S (F). Hence the kernel estimator is asymptotically biased at the boundaries of the support of



F(-). Denote the length of the support of Kg(-) by p. For b = & — A\phg/2 with A € [0,1),
. ~ bp—0)/hr+Ap/2 _ _

it follows that E[g, (v — Aphr/2)] = L(bn—@))//h:H\://? Kr (u) gn(v — A\phr/2 + hgu)du — g, (v —
Aphgr/2) fj‘go/Q Kg (u) duasn and L approach infinity. As f:\gf Kpg (u) du # 1, the density estimator
is asymptotically biased for b € (o — phgr/2,7] and similarly for b € [v,v + phr/2). Let By, and

Biax be the minimum and maximum of the nL observed bids. The trimmed pseudo-private value

is defined as
Bpl + Gy (Bpl) / (TL - 1)§n (Bpl) ,
Vot = if Byt € [Buin + phi/2, Bumax — phi/2], (6)

oo otherwise,

forp=1,---,nand [ =1,---,L. The following proposition gives the rate at which the trimmed
pseudo-private value converges to the true value on a closed inner subset of its support. The

result will be used to derive the uniform convergence rate of the two-step estimator. Let r =

(nL/log (nL))™/ R

Proposition 3 Suppose F () € Fgr and U (-) € Ug for R > 1. Then, for any closed inner subset
C (V) of S(F), we have almost surely

Vo = Vp

sup,,; 1oy (Vi) =0 (max(n/r, 1)n_2) .

Basically, the error of pseudo-private value Vpl comes from two sources: estimation error from
G (+) /Gn (-) and approximation error from ignoring the utility structure. So the uniform convergence
rate of the pseudo-private value is determined by the slower convergence rate of these two types of
errors. Suppose R = 1, then n/r ~ n?/L by ignoring the relatively small log(nL) term. So if n
increases much slower than L such that n?/L — 0, then the approximation error dominates. The
estimation error dominates otherwise.

With the trimmed pseudo-private values, the private value density f () can be estimated by the

kernel density estimator

Fo -3y K (“‘) (7)
Y= WLhg L T

=1 p=1
The following result establishes the uniform consistency of Guerre, Perrigne and Vuong’s (2000)

two-step estimator with its rate of convergence in homogenous auctions with risk averse bidders.

Proposition 4 Suppose F (-) € Fr and U (+) € Ur for R > 1. Then, for any closed inner subset



C(V) of S(F),

(i) if L — oo and (nhg)~! — 0, (r/n)(nhg)~! — 0 as n — oo, we have almost surely
SUPyec(v) f)=f@)|=00"");
(ii) if L — oo and (nhg)~t — 0, (r/n)(nhr)~! — oo as n — oo, we have almost surely
SUPyec(v) f @)= f )| =0mhr) "
(iii) if L — oo and (nhg)~! — 0o as n — 0o, we have almost surely

sup,co(v) |/ (V) = f (v)] = O(n*h,) "

Proposition 4(iii) shows that, when n does not diverge fast enough relative to L, Guerre, Perrigne
and Vuong’s (2000) two-step estimator may not be consistent in the presence of risk aversion given
our choice of Kg(-) and hg because of the overwhelming approximation error. A sufficient condition
for the two-step estimator to be consistent is that (nhz)~! — 0, which imposes a lower bound of
the divergence rate of n in terms of L. By ignoring the relatively small log(nL) term, we have
(nhr)~! ~ L/n?f. Hence the constraint on the divergence rate of n is quite weak, especially for
a smooth private value density (with larger R). On the other hand, when n goes to infinity fast
enough relative to L, it is possible for the two-step nonparametric estimator to attain the uniform
convergence rate v = (nL/log (nL))R/ (2R+1), which is the best uniform convergence rate when
private values are observable. The intuition for the result is as follows. As f (v) = g, (s,(v)) s, (v),
to estimate the private value density, g, (+),sn () and s/,(-) need to be estimated. When n is fixed,
s!.(+) is the hardest to estimate as it requires estimating g/, (-). In fact, the best uniform convergence
rate for estimating s/,(-) determines the best rate for estimating f (-). However, when n — oo, it
follows from Proposition 1 that s/, (v) = 1+ O(n~1!). So if n diverges fast enough, f(-) can be
estimated at the same best rate as g, (-), which is r.

As in Guerre, Perrigne and Vuong (2000), asymptotic normality of the two-step estimator is not
derived. This is because the first and second order terms in the expansion of f (v) — f (v) may be

close (see the proof of Proposition 4), so the classical asymptotic normality result that relies only



on the leading order term in the Taylor expansion may be imprecise. Guerre, Perrigne and Vuong
(2000) suggest circumventing this drawback by establishing an exponential-type inequality, and that
approach also applies to the current model. Interested readers may refer to that paper for more

details.

3.2 Auctions with Heterogeneity

Now we can extend the above analysis to a more realistic model allowing heterogeneity. Heterogeneity
across auctions is characterized by a vector of observed variables X; and the number of bidders nl;
(I=1,---,L), where the I;’s are strictly positive constants.” We assume n, but not I;, approaches
infinity for asymptotic properties. Let Z be the set of possible values for I;. Following Guerre,
Perrigne and Vuong (2000), the latent joint distribution of (V,;, X;,I;) for p = 1,--- ,nl; and | =
1,---, L satisfies the following regularity assumptions:

Assumption Al

(i) The (d + 1)-dimensional vectors (X;,I;), Il = 1,--- , L, are independently and identically dis-

tributed as Fy, (-,-) with density fm (-,-).

(ii) For each 1, the variables Vi, p = 1,--- ,nl;, are independently and identically distributed

conditionally upon X; as F (-]) with density f (:|-).
Assumption A2 For T a bounded countable subset of RT and R > 1,
(i) S(F) ={(v,x) : x € [z,T] ,v € [u(x),v(x)]}, with z < T;
(ii) for (v,z) € S(F), f(v|z) > cf >0, and, for (z,i) € S(Fpn), fm (z,i) > c; > 0;

(i) for each i € I, f(-|-) and fm (-,3) admit up to R continuous bounded partial derivatives on

S(F) and S(Fy (-,7)).

As argued by Guerre, Perrigne and Vuong (2000), we can assume that x and Z are known as
they can be readily estimated. X is assumed to be a vector of continuous variables.® The economic
model implies that the private values and the number of bidders are independent conditional on X
so that f(v|z,ni) = f(v|z). With the smoothness of F (:|-) specified in Assumption A2, the next

proposition studies the implied smoothness of bid density g, (+|-, ).

5Empirically, we can decompose the number of bidders of the Ith auction arbitrarily into n € {2,3,---} and
I; € RT. Say, let n = min;{nl;}.
6If some X’s are discrete, the following results hold with d replaced by the number of continuous variables in X.

10



Proposition 5 Suppose U (-) € Ur for R > 1. Given Al and A2, the conditional distribution
Gp (-, ) satisfies:

(i) its support S (Gy) is such that S (G (-]-,i)) = {(b,z) : @ € [z,2],b € [b, (z,7),b, (z,9)]},
with inf (by, (x,4) —b,, (x,7)) > 0. Moreover, b, (2,i) > by, (x,i) forn >m, b, (-,i) = v (-), and

limy, o0 by (+,4) = 0 (+);
(i1) for (b,z,i) € S(Gr), gn (blz,7) > ¢4 >0 as n — oo;
(iii) if C is a closed subset of the interior of S (Gso), then, for eachi € I, g, (+]-,1) is bounded and

admits up to R continuous bounded derivatives on C' as n — oo.

Proposition 5 extends Proposition 2 by allowing possible heterogeneity across auctions and has
similar implications. Specially, item (iii) characterizes the uniform boundedness of g,’s derivatives
as n — 00, which is used to derive asymptotic properties of the nonparametric estimator.

Following Guerre, Perrigne and Vuong (2000), using the observations {(By, X;, [;);p =1, -+ ,nl;, 1 =

1,---, L}, we can nonparametrically estimate G, (-,+,-) and gy (-, -) respectively by

L nIz .

~ . 1 1 Xl — X Il —1
Gnhayi) = —— S 2S5 1By <bK : : 8
R N PRLED o (Fot A ®)

1 K1 By —b X, —x I —i

~7L b,fE,i = T de1 T K - ) L ) L )a 9
gn( ) nLthrl ; I, pz:; . ( hg hg hgr ©

where hg, hgr, hg, and hyr are bandwidths and K¢ and K are kernels with a compact support.

Similar to the case with homogeneous auctions, the asymptotic results of nonparametric estima-
tors based on i.i.d. assumptions do not apply to G, and Jn as n — oo due to the dependence of the
equilibrium bid distribution on n. We derive the uniform consistency with the convergence rate of
G, and §, in the appendix. On the other hand, since the number of By is of order O(nL) while
the number of observed auctions and hence (X, I;) (which are analogous to fixed effects in a panel
data model) are of order O(L), the best uniform convergence rate for the nonparametric estimation
of the joint density of (B, Xi,I;) as both n and L approach infinity has seldom been addressed in
the literature. The following analysis sheds light on whether and to what extent n — oo speeds up
the convergence of the joint density estimator.

Since the kernel density estimator is biased at the boundaries of the support of S(F) as we

discussed in the case with homogenous auctions, we trim the observations that are too close to the

11



boundary of S(F). To this end, we need to estimate the unknown S(F) = {(v,z) : z € [z,T],v €
[v(z),o(x)]}. Since [z, Z] is known, we only need to estimate the support [v(z), o(x)]. Let hy > 0.
Following Guerre, Perrigne and Vuong (2000), we consider the following partition of R? with a

generic hypercube of side hy:

Mhyyeoe kg = [k‘lha, (kl + 1) ha) X oo X [kdha, (kd + 1) ha),

where (ki,--- , kq) Tuns over Z¢. The support [v(z), ()] can be estimated as
v(z) = sup{Bp,p=1,--- ,nl,l=1,--- | L; X; € Tpy ... 1y} (10)
@(x) = inf{Bpl,p:1,~~ ,nIl,l:1,~~~ ,L;Xl eﬂ-kly'“»kd}7 (11)

where 7, ... k, is the hypercube containing x. And the estimator for S (F) is S(F) = {(v,z) : z €

[z, 2], v € [0(x),D(2)]}-

Note that (3) can be rewritten as

1 G, (Bl X; Il) 9
V., =B il St i il A ALV T O
o et nly gn (Bpi, X1, Iy) o),

where G, (b, z,1) = Gy (b|z, 1) fm(z,4). Guerre, Perrigne and Vuong’s (2000) pseudo-private value is

estimated by

~ 1
Vpl = Bpl + niw (Bpl7Xl7[l) y

I —1

where

Gn (bvxa Z) / (TLI[ - 1) gn (bvmvi) )
(b0 1) = if (b,z) + S (2hq) c S (F) and
(b,z) + 5 (2hg) C S(F),

oo otherwise,

with S (hg) and S (hy) being the supports of {0 x K¢ (-/hg,0)} and K (-/hg,-/hg,0) respectively.
In the second step of Guerre, Perrigne and Vuong’s (2000) two-step estimation approach, the

density f (v|z) is estimated nonparametrically by f (v|z) = f (v,2)/f (z) using the pseudo-sample

12



{(Vp, X1),p=1,---,nl;,l=1,--- L}, where

L nl; ~
A 1 1 Voi—v X —x
f(U,.’I}) Ea— E - E Kf ( = ) > ) (12)
nth+ —~ 1 = hy hy
L
o 1 Xl — X
) = —r K , 13
f@ = g (57) (13)

hy and hx are bandwidths, and K; and Kx are kernels with compact supports. The choice of
kernels and bandwidths in the definition of the two-step nonparametric estimator are summarized
in the following two assumptions:

Assumption A3

(i) The kernels K¢ (-,-), K4 (), Ky (-,-) and Kx () are symmetric with bounded hypercube
supports and twice continuous bounded (uniformly in I) derivatives with respect to their con-

tinuous arguments.
ii Ko (z,0)der =1, | K,(b,z,0)dbdz =1, | K¢ (v,z)dvdx =1, and | Kx (z)dz = 1.
g f
iii) K¢ (z,0) is of order R+ 1, and K, (b,z,0), K¢ (v,z) and Kx (x) are of order R.
g f
Assumption A4
(i) As L — oo, the “discrete” bandwidths hgr and hgr vanish.

(ii) The “continuous” bandwidths hg, hg, hy, and hx are of the form:

ha Ag(log L/ L)Y/ CR+d+2) o — ) (log /L)' 2B+

hy = Ap(logL/L)V PR, iy = Ax(log L)L)/ G,

where the \’s are strictly positive constants.
(iii) The “boundary” bandwidth is of the form hg = \g(log L/ L)@V with Ay > 0, if d > 0.

It follows from Hardle (1991) that hg and hx given in A4(ii) are optimal bandwidths given
Proposition 5 and A2(iii). Hence G, (+,,-) and f (-) are optimally estimated in terms of the uniform
convergence rate. If n were fixed and private values were observed, the optimal bandwidth for

estimating f (-,-) would be of order (log L/L)"/(%+d+1) which is asymptotically larger than the
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rate for hy given in A4(ii). Similarly, the rate for h, given in A4(ii) is asymptotically smaller
than the optimal bandwidth with fixed n. However, our choices of h; and h, are optimal when n
approaches infinity fast enough relative to L as shown below.

The following results establish the uniform consistency of the nonparametric estimators of S(F')

and f (v|z) in large auctions with risk averse bidders.

Proposition 6 Let rp = (L/log L)'/t Given A1, A2 and A4(iii), we have almost surely
SUPefp,q) [0(2) = B(2)| = O(ryh), and sup,e(, 4 [0(2) — v(z)| = O(ryt).

We have shown in the case with homogeneous auctions that a sufficient condition for Guerre,
Perrigne and Vuong’s (2000) two-step estimator to be uniformly consistent is that n goes to infinity
fast enough relative to L so that (nhg)~! — 0. So the next result on the uniform convergence rate

focuses on the case with (nhf)™' — 0. Let r; = (L/log L)/ (2F+d),

Proposition 7 Suppose U (-) € Ur for R > 1. Given A1-A4, for any closed inner subset C (V) of

S (F),

(i) if L — oo and (nhy)™' — 0, (ry/n)(nhy)™' — 0 as n — oo, we have almost surely
SUP,ec(V) f(wlz) = f (v]2)| = 0(7‘,71);
(ii) if L — oo and (nhy)™' — 0, (ry/n)(nhy)™' — oo as n — oo, we have almost surely
SUP,co(v) f (wlz) = f (v]z)| = O(n2hy)~L.

So when n approaches infinity fast enough relative to L, the two-step estimator of f (v|z) can
attain the best rate at which f (z) can be estimated. Even though f (v|x) is as smooth as f ()
given A2(iii), one would expect f (v|z) to be estimated with a convergence rate slower than f (z)
because private values are unobservable and the vector (V, X) has one more dimension than X. The
counterintuitive result in Proposition 7 can be understood as follows. First, since unknown private
values can be approximated by observed bids with precision of order O(n~1) by Proposition 1, the

approximation error may be trivial compared to the estimation error of the kernel estimator when n
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goes to infinity fast enough relative to L. Hence, the information loss from not observing V' may be
neglible given the conditions in Proposition 7(i). Second, because there are (n — 1)L more (pseudo)
observations of V than X, the noise from estimating the extra dimension of random variables in
f(v,z) and hence f (v|z) reduces dramatically as n — oo. We show in the appendix that, when
n diverges fast enough so that (nhy)~! — 0 and (nhy)~' — 0, kernel estimators of g, (b, z,i) and

f (v,2) can attain the best rate at which f () uniformly converges to f(z).

4 Monte Carlo Experiments

We conduct the Monte Carlo experiments with 1000 replications, each consisting of three sets of
observations. In set 1, we consider L = 300 auctions, each with n = 3 bidders. In set 2, we consider
L = 150 auctions, each with n = 6 bidders. In set 3, we consider L = 75 auctions, each with n = 12
bidders. The total number of observations of submitted bids is 900 for each set. Bidders’ private
values for each replication are generated from the log-normal distribution F' with parameters (0, 1),
truncated at 0.055 and 2.5. The true utility takes the functional form U (z) = 1 — exp (—6x), where

# = 0.8. The equilibrium bids are computed numerically by

v n—1
= Ligg L 0O aF @
0 F(v)

(14)

We consider four different estimation procedures for each replication. Method 1 serves as the
basis for comparison. We specify the functional form of utility as the true U (-) and adopt the
semiparametric approach proposed by Campo et al. (2006). To estimate €, we pool the observations
from all 3 sets. Let Gy, (b) denote the distribution of bids in auctions with n bidders, v, denote the

ath percentile of F'; and b” denote the ath percentile of G,,. For n # m, (1) gives

1 0 G, ()
o o = 71 < la
et = gt g e Y
1 0 m (O7)
o — b = —log[———2= +1].
Taking difference gives
1 0 G, () 1 0 G (b))
Myt — ~ og[—— o) 4 1] — Zlog[—— 2 a4 g 1
e g g e T T T g T 1
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With a large number of percentiles «, we can estimate 6 using the empirical analogue of (15) by
nonlinear least squares. Given an estimate 0 of 0, we then estimate f using the two-step kernel-based
estimation procedure described above for each set of observations separately.

Method 2 investigates the consequences of model misspecification by assuming the utility is
CRRA with U (z) = 2'~? using the semiparametric approach proposed by Campo et al. (2006).
Analogous to Model 1, we identify 6 through the heterogeneity of the bid distributions across auctions
with different number of bidders. With CRRA utility, for n # m, (1) gives

1-0G, ")
= «a
Yo ™ Va n—1 g, (7))’
v, — b = 1-0 Gm (b:)zn)
“ “ m-1 9m (bgL) .

Taking the difference gives

L Gall) L Gnll)), 1)

b —ba=0-9) (n—lgnwg) T g (1)

Evaluating the empirical analogue of (1) at a finite number of percentiles, we can recover 6 using
least squares. Then we estimate f nonparametrically for each set of observations separately.

Method 3 recovers f using Guerre, Perrigne and Vuong’s (2000) two-step nonparametric esti-
mation procedure without imposing any restrictions on the functional form of U (-). Method 4 is a
one-step nonparametric estimation method using the observed bids as the pseudo-private values to
estimate f directly, based on the fact that lim,, . s, (v) = v. Method 4 can only be justified when
the number of bidders in each auction is very large and strategic bidding behavior is overwhelmed
by the price-taking behavior in perfection competition. We compare the estimates from Methods
3 and 4 to understand the gains from incorporating strategic bidding behavior in the structural
estimation.

Following Guerre, Perrigne and Vuong (2000), in nonparametric estimations we choose the tri-
weight kernel (35/32) (1 — u2)3 1 (Jul £1) for K, (-) and K (-) so that p, = p; = 2. We also choose
hg = 1.066% (nL)fl/5 and hy = 1.066, (nLT)fl/s, where 63 and &, are the standard deviations of
the observed bids and the trimmed pseudo-private values, nLy are the number of observations left

after trimming, and 1.06 follows the rule of thumb.”

TOur choices of kernel functions and bandwidths do not follow Assumptions A3 and A4 because the gains of high
order kernels in terms of a lower MISE are trivial with this sample size. (Fan and Marron, 1992)
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Table 1: Intregrated Absolute Bias of Estimated Densities
5-95th percentile 25-75th percentile
n=3 n=6 n=12 n=3 n=6 n=12
Method 1 0.0258 0.0279  0.0320 0.0023 0.0019 0.0017
Method 2 0.0757 0.0528 0.0427 0.0232 0.0163 0.0117
Method 3 0.0700 0.0442 0.0366 0.0242 0.0076  0.0022

Method 1: mean(0)=0.7682, std(0)=0.1934;
Method 2: mean(0)=0.3835, std(6)=0.0916.

Figures 1-4 display the true density of the private values with solid line and the 5th, 50th and 95th
percentiles of the 1000 estimates of f (v) with dash-dot lines evaluated at 500 equally spaced points on
[0.055,2.5]. When the utility functional form is correctly specified, the mean of the semiparametric
estimates in Figure 1 perfectly matches the true density on the 25-75th percentile of the distribution
and the empirical pointwise 90% confidence interval becomes narrower as n increases. In the case
that the utility function is misspecified, the semiparametric estimates in Figure 2 are biased upwards
for small private values and biased downwards for large private values when n = 3. The bias reduces
as n increases. Guerre, Perrigne and Vuong’s (2000) two-step nonparametric estimates in Figure
3 are slightly downward biased when n = 3. The bias reduces as n increases to 6. The one-step
nonparametric estimates in Figure 4 are very imprecise as a large part of the true density lies outside
the empirical 90% confidence interval when n = 3. The performance of the one-step nonparametric
estimates improves when n = 12.

To compare Methods 1-3 with higher precision, we report the integrated absolute bias evaluated
respectively on the 5-95th percentile and the 25-75th percentile of the value distribution in Table 1.
We use the integrated absolute bias instead of the integrated mean squared error as a measure of
discrepancy because the semiparametric estimates may have larger standard error than the two-step
nonparametric estimates as the former involves an additional step to estimate unknown parameters
in the utility function. The integrals are evaluated by simulations. The two-step nonparametric
estimates have smaller integrated absolute bias relative to the semiparametric estimates with mis-
specified utility function when n = 6 and 12. The bias of the two-step nonparametric estimator
reduces much faster than the semiparametric estimates with misspecified utility function on the
25-75th percentile of the value distribution as n increases.

There are two important lessons to draw from the Monte Carlo experimental results. First,

Guerre, Perrigne and Vuong’s (2000) two-step nonparametric estimation procedure is quite robust
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Figure 1: True and Estimated Densities of Private Values (Method 1)
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Figure 2: True and Estimated Densities of Private Values (Method 2)

n==6 n=12
1 — 4 1F " ]
0.9t I E
l"
0.8} A

0.7f

0.6}

0.5}

0.4¢1

(v
|
) ]
fl 03|
) ]
21 0.2-!
! |
L | N
| O1r) ‘\\\
1 I\ ] \\\
O" 1 1 -\A' O'J 1 1 \&_
1 2 1 2

18



Figure 3: True and Estimated Densities of Private Values (Method 3)
n=3 n==6 n=12

Figure 4: True and Estimated Densities of Private Values (Method 4)
n=3 n=6 n=12
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with respect to risk aversion in auctions with a moderate number of bidders, and inclusion of the term
Gn (b) / (n—1) gy, (b) in the approximated bidding function substantially improves the performance
of the estimator, as illustrated by Figures 3 and 4. Second, though the CRRA structure U (z) = x'~?
is popularly assumed in the literature for many reasons, the semiparametric specification does not
necessarily help to improve the fitting of f . This can be understood as follows. As we discussed in
Section 2, if w = 0, Definition 1(ii) needs to be replaced by the stronger assumption that “U (-) is
continuous and admits up to R + 2 continuous bounded derivatives on S (U) with U’ (-) > 0 and
U"(-)<0on S(U)". However, U (z) = 2'~% ¢ Ur as w = 0 and U’ (0) is not bounded. Hence the
effects of model misspecification on the equilibrium bids are O(n~!) in this case, which dominates

the errors incurred by totally ignoring risk aversion.

5 Concluding Remarks

We study the robustness of Guerre, Perrigne and Vuong’s (2000) two-step nonparametric estimation
procedure in large auctions with risk averse bidders. With an asymptotic approximation of the
equilibrium bidding function, we show that when the number of bidders in each auction diverges
not too slowly relative to the number of observed auctions, Guerre, Perrigne and Vuong’s (2000)
two-step kernel-based estimator is uniformly consistent on an arbitrary closed inner subset of the
support of the true density and attains the best uniform convergence rate as if latent private values
are observable. Monte Carlo experiments show that the two-step estimator performs reasonably well
with a moderate number of bidders such as six.

One possible extension of the current work is to allow bidders to have different attitude towards
risk captured by heterogeneous utility functions and initial wealths. Campo (2004) has shown
that in such a model the utility functions and latent distribution of bidders’ private values cannot be
nonparametrically identified jointly from observed bids, and, to recover the private value distribution,
it is necessary to specify the asymmetric utility structure parametrically. On the other hand, when
the number of bidders is large, the effects of asymmetric risk aversion on equilibrium bids diminish.
Hence asymptotic approximation of the equilibrium bidding function may provide a feasible way to
implement nonparametric estimation methods in large auctions with asymmetric risk averse bidders

as well, which could be of interest for future research.
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A Proofs of Mathematical Properties

Proof of Proposition 1. (i) Since the equilibrium solution is symmetric in nature, we can drop
the individual subscript in (1). Let spy (-) be the solution of the following first-order differential

equation
f ()
(v)

with boundary condition sgy,, (v) = v. Fibich, Gavious and Sela (2004) have shown that sgn , (v) =

Spnp (V) = (n = 1) (v—srnm (v), (17)

e

v+0(n7!). As0<v—s,(v) <v—spny(v) for all v € S(F) (Riley and Samuelson, 1981), we

can extend ¢, (v) to the following form

Sin (’U) +o (n_l) ’ (18)

§n(v):v—sn(v):n_1

where 1, (v) = O (1). As A(0) =0 and A (0) = 1, a Taylor expansion of A (¢, (v)) = A (v — s, (v))

around 0 gives

Mea (@) =X (O) + N 060 () + X D2 0) = u (@) + 2V @ E @), (19)

for # € [0,6, (v)]. Since A" (%) is bounded as n — oo by Definition 1, substitution of (18) into (19)

gives

1

An () = —— (510 (8) +0(1), (20)

which implies s/, (v) = O (1) by (1). Multiplying both sides of the differential equation (1) by

F"~1(v) and taking integrals gives

sp (V) "1 (0) = (n = 1) f (v) F" 72 (0) A (v = s (v))
/F”l )dsy, (u :/ (u — s, (u)) dF" " (u). (21)

v

Applying integration by parts to the right hand side of (21), and rearranging terms yields the integral

form of the first order condition

1

Fr1 (v) F=H(u) d (sn (u) + X (u = sn (u))) - (22)

A(v— s, (v) =

T
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Let ¢,, (v) = s, (V) + A (v — sy, (v)), we have

s (V) + X (V=50 (v)) (1 = 57, (v))

= 5, (0)+ N (0)+0 @ —sn(v)(1-s, ()

& (v)

1461, (0) O (n71) (1 = 57, (v))

1+0 (n_l) ,

where the second equality holds by the mean value theorem and boundedness of A\’ (-), the third
equality holds because A’ (0) = 1, and the last equality holds because 51, (v) = O (1) and s/, (v) =
O (1). We rewrite (22) in the format of Laplace integral and apply the Laplace approximation
(Copson, 1965)

Av—s,(v) = p%l(v) /” =t (w) ¢, () du = F"%l(v) /v eDIE@ () gy
_ ¢;z (U) N e(n—l)lnF(v) . B
= Py (n—l)dlnF(v)/dU+O(n )
_ LF@ o
= it o) (23)

where the last equality holds because ¢, (v) = 1+ O (n_l). Matching leading order terms in (20)
and (23) gives ¢1,, (v) = F (v) / f (v), which, together with (20) and (1), implies that s/, (v) = 140 (1)

and ¢, (v) =1+0(n™!). So we can further extend ¢, (v) to the following form

) =0 =5 (0) = 2 4 L (0) 4o (%) 29
Substitution of (24) in (19) gives
_1F@ 1 L (TR
Men () = 204 i (04 53 @) (210 ) +o (07, (25)

Taking derivatives on both sides of (1) gives
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Taylor approximations of A (v — s, (v)) and X' (v — s, (v)) around 0 yield s” (v) = o(n), which

implies that

O (v) = s (v) =N (v =5, ()5 (v) + N (0= 50 (v) (1= 5, (v))

= s'(v)— ()\/ (0)+ 0O (n_l)) st (W) + XN (v =35, (v)o(1) =0(1).

It follows from applying integration by parts and the Laplace approximation to (22) that

)\(’U—Sn(U)) = P’n—ll(,u)/anl(u)(?b:l(u ’I?,F" 1 U)/ ¢ an
_ lF(v)qﬁln v)_ 1 N " (y #!, (u)
= e e, T
_ 1F(@)¢, () 1 /”enlnp(u)@ﬁ(U)f(U)—%(U)f’(U)du
n f(v) nkn=1(v) J, J? (u)
VIO AC R IO ACYIO ET A OY A0 B
n  f(v) n? f3(v)
_ 1F(v) | F?(v) f'(v) o (n=2
= i T w mw ) 0

where the last equality holds because ¢, (v) = 1+ o0 (n™') and ¢], (v) = o(1). Matching leading

terms of (25) and (26) yields that

0= (557 - v@) (53) 0w,

which implies (2). Substitution of (26) into (1) gives ¢/, (v) =1 — s/, (v) = %% (I;((:j))) +o(n7h).

(ii) First, we show by mathematical induction that

AMsn(0) = A(w—s,(v)) = aln(“) bt 0"';1(1”) o (n i), (27)
Sn (V) = v—s,(v) = 7517511) + Lrnti(lv) +o (n_(”l)) ; (28)
where a1 (v),---,ap41 (v) and B (v),---, B4 (v) are known functions invariant with n, and
1d (F
@)= 1o (5 v, (20)

for 0 <r < R— 1. We have already shown in (i) that (27)-(29) hold for » = 0, so we only need to
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show that (27)-(29) holding for 0 < r < k — 1 implies (27)-(29) hold for r = k < R — 1. A Taylor

expansion of A (¢, (v)) with an integral remainder gives

sn(v) _N\R
A(5n (©)) = A(0) + N (0) ¢y (v) + -+ + %MR) (0) <2 (v) + / A+ () (En (0) =7
. 0

e (30)

Analogously, we have for 1 <r < R

A (6 (0)) = A (0) + -+ +

From (1), we have

1—s, (v)=1—(n—-1)

For r > 2, taking the (r — 1)th derivatives on both sides gives

W = —m-ya (L (”)Mcn(v)))
-~ {j= (L )A (o) +
(M%d}ll (7)o on o+
O Ao} (32)
where by Faa di Bruno’s formula,
ENn @) = Yo A g )

<L (550 @) ) (33)

where the sum is over all [-tuples (mq,--- ,my) satisfying the constraint 1mj + 2mg + - - - +1Imy = [

By plugging (30) and (31) into (32) and substituting ¢, (v) by (28), i.e

§n(U):ﬁlT(v)+BQT(;})+...+627S))+O(n_k)’

where 8, (v), -+, B (v) are known and invariant with n by induction assumptions, we can derive
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from r =1 to k — 1 that

r Yr1 (’U) ’YTJ‘C*T (,U) r—k
where 7., (v) -+, 7, 5_, (v) are known functions invariant with n and ¢ (v) is of order O (n71)

by the induction assumptions (29). From (33), it follows for [ < k —1

W/\ (sn (v))

N (s (0)) s (v) + 0 (n72)
! v
_ %X (o (v))% (F( )) +o(nY)

()

n dv'

where the second equality holds because of (29), and the last equality follows from a Taylor ap-
proximation of X' (¢, (v)). From (30), we have A(s, (v)) = F(v)/(nf (v)) + o(n™!'). Hence if
k=1

P w)y=1-(n-1) ]J;((q;))A(% (v)) =o(1),

and, if k > 2, substitution of A (¢, (v)) and d'A (s, (v)) /dv! into (32) gives

P - (.

F(
()i () (5)

fv) d*! v
Figae (76) oo
n k-1 v v
- s (PSR ) e =,

which implies that
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It follows that

GV = —m-1 5z (

JrF(U)cl k
= o(n)
As
_ _ 1 F(v)
O (0) = 50 (0) + 250 (0) = 50 (0) + -2 00 ().

where the second equality follows from (1), we have

0w = o0+ g (B2 ) s+

n—1
()i (R )

By substituting (34), it can be rewritten in the following form

r A r—k
o\ (v) = e +o(n""), (35)
where 1 (v), -+, 0, k—r (v) are known functions invariant with n for »r < k — 1. Furthermore, we
have
(k) (k) d*
@) = s (@) + T (o ()

= 5P )+ N (50 ()P () +0 (n7?)

= 1(k=1)4o(n"),
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where 1 (k = 1) is an indicator of k = 1, and

(k+1) (k+1) dr 1
O () = sy (V) o A (v)
(

= s3I (0) + N (6n (1) Y (0) + 0 (1) = 0 (1),

since ' (s, (0)) =X (0)+0 (55, (v)) =140 (n71), o) (v) =o0(1), and g (v) = o(n). Repeated

integration by parts of (22) gives that

(0!
nn+1l)---(n+k—1)

Ao @) = iy W F @)+ + ¥y (o) F* (0)
_ k v
ST D ET ), P @ 0 @

v

+

where 1, (v) = @), (v) /f (v), %, (v) = YL (V) /f (V) Prpa (V) = Y (V) /f (V). As Py (v) is a

polynomial of ¢, (v),---, 6" (v), by substitution of (35), we have for [ < k — 1
G (v Cl,k—l (v) _
01 (0) = G () + Sy SRl ity (36)

P (0) = Cho (0) 0 (n7Y), and w4y (0) = Gy o (0) + 0 (1), where G (v) -+ Gy (v) are known

functions invariant with n. The Laplace approximation gives

A S F )™ F*
(71)16 ! n+k—1)In F(u
T R, T 00
_ 1 F (_1)1671 Fk

(-1*
nn+1)---(n+k—1)

5Ur1 (V) F¥H(0) 40 (”_(k+1)) .

By substitution of (36), it can be rewritten in the form of (27)

Mon o)) = )2l ) (o) (37)
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with aq, -, ag (v) known by the induction assumptions and a1 (v) explicitly derived. Let

B1(v) | By (v) Brr1 (v) -
¢n (v) = 1n n 2;22 +~~~+%+o(n (1<;+1)>7 (38)
where 8, , B (v) are known by the induction assumptions. By substituting (38) into (30) and

matching leading order terms with (37), we can solve for ;. (v). Substitute (30) and (31) into

(32) and replace <, (v) by (38). Now we can derive from r = 1 to k that

. T —T‘U r—K—
g%r)(v)zw+...+w+o(n k 1)’

n nkt+1l-r

wherey,1 (v) -+, %, 111, (v) are known functions invariant with n. Specifically, o) (v) = vy (V) /n+

o (n_l). This, together with the induction assumption (29), implies that v, (v) = d* (F (v) /f (v)) /dv*.
Lastly, we can show with analogous arguments that (27)-(29) holding for »r < R — 1 implies (29)
holdsforr=R. =m

Corollary A.1 In a first-price IPV auction with n (n > 1) bidders, suppose U (-) € Ur for R > 1.

Given A1 and A2, the equilibrium bid in the symmetric Bayesian Nash equilibrium is given by

1 F(v|z)

0 Foa) TOC)

Sn (v,x) =

Furthermore, we have ¢ (v,z) =0(n71) for1 <r <R.

Proof of Proposition 2. Let h(v) = s, (v) — sy, (v), with n > m > 2. h(v) = 0 implies that

W (v) = s,(v) s, ()
= (n—1) ‘}fj‘((z)))\(v—sn (v))—(m—-1) ;,((Z)))\(U_Sm (v))
= (n—m) ;;((q:})))\(v—sn(v))>0,

where the inequality holds because n > m and U(+) is monotonically increasing. Since h (0) = 0, by
the single crossing lemma s, (v) > s, (v) for © > v > v. As lim,,_. s, (¥) = © by Proposition 1,
(i) follows. Next, g, (b) = f (v) /s, (v) with b = s,, (v). Because f (v) is bounded away from zero by

assumption and s/, (v) is bounded with lim,,_, s}, (v) = 1 by Proposition 1, (ii) follows. To prove
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(iil), we note that substitution of g, (b) = f (v) /s}, (v) into (1) gives

F(v)
(n=1)(v=sn(v)’

gn (b) = (39)

with b = s, (v). Since (n —1) (v — s, (v)) = F(v) /f (v) + O(n™1), it follows from Proposition 1
that supycc |gn (b)] is bounded as n — co. Similarly, g,(f) (b) (r=1,---, R) can be derived by taking
rth differentiation on both sides of (39). Using mathematical induction, the desired result follows
from Proposition 1. m

Proof of Proposition 5. Trivial extension of Proposition 2 based on Corollary A.1. =

B Proofs of Statistical Properties

To prove Propositions B.3 and 4 we need two auxiliary lemmas on the uniform convergence of G, )
and gy, (+) defined by (4) and (5). Throughout ||, , denotes the sup-norm of the rth derivatives of -

on the set *.

Lemma B.1 Suppose for R>1, F(:) € Fr, U () € Ug, and G,, () is given by (4), we have almost
surely

G (b) — G (b)‘o =0 (1/vaL),

)

where C is an arbitrary closed inner subset of S (Gso).

Proof. It follows from Proposition 2 that

G (b) = % 2511 Z:Zl 1(Bp <)
_ % Z; Zzzl 1(Gy (By) < Gy, (b))
= S S <G,

where u,; = G, (Bp) is uniformly distributed on [0, 1] since By ~ G, (). Let u = Gy, (b) € [0, 1],

and ng = min{n : C C S2} where S? is the interior of S (G,). nc¢ exists because of Proposition
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2(i). Then for n > n¢,

)
3
—~
(=
~
I
3
—
S
~
I

niL ZlL:I 22:1 1 (Upl <Gn (b)) -Gy (b)

]‘ L n
TLiL Zl:l szl 1 (upl S U) —Uu
O(1/vnL),

0,0

0,0

where the last step holds because the empirical distribution of uniform distribution (which does not

depend on n) converges uniformly to the true distribution at the rate of vnL. m

Lemma B.2 Suppose for R> 1, F (:) € Fg, U (-) € Ugr, and g, (-) as given by (5), we have almost

surely

19 (0) = gn (D)l 0 = O (1/7),
: : - _ R/(2R+1)
where C is an arbitrary closed inner subset of S (Gs) and r = (nL/log (nL)) .

Proof. The proof relies on the argument of Guerre, Perrigne and Vuong’s (2000) proof for the case
of fixed n. However, the problem is different because, as we allow both n and L to approach infinity,
the observations are from a triangular array of random variables shifting with sample size. Hence
the standard consistency results based on the i.i.d. assumption of observations do not apply directly.
We divide the proof into three steps. The first step studies the uniform bias of g, (-), the second step
studies its uniform variance bound, and the last step establishes the exponential-type inequality. We
simplify notation by omitting the subscript R in hr and K in this proof. The sup-norm is taken
over the whole support of the function unless otherwise indicated.

Step 1: Uniform Bias

For any closed inner subset C' of S (G), let nc = min{n : C C S2} where S? is the interior of

S (G,). ne exists because of Proposition 2(i). For n > n¢,

Egn (b)

1 L n Bl—b
Both 2 Zp—lK( T )

= /K () gn (b + hu) du.

Without loss of generality, suppose u > 0. Then for b € C' and L sufficiently large, be [b,b+ hu] C

C’, where C’ is a closed inner subset of S (G,). Since g, (-) admits up to R continuous bounded
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derivatives on any closed inner subset of S (G,,), a Taylor expansion gives

(hu)Rfl (R—1) |hu\

gn (0 + hu) = g, (0) < hugiP (0) + -+ +
As K (+) is of order R, moments of order strictly smaller than R vanish. So we have

|EGn (b) —gn (O)lgc = SuPpec

/ K (u) (g (b + hat) — g (b)) dus

1
S hR ‘gn'R,C’ﬁ (/|URK(u)dU>
= WP gnlpc MP,
where M = (1/RY!) [ lu|® K (u) du. Tt follows from the definition of r and h that

7EGy (b) — gn (b)|0,c < AP |gn|R,C’ :

Step 2: Uniform Variance

For b € C, we have

Var (gn (b)) = <nLhZz 1Zp 1 < " b>)
! p(x

_ Jvar(K(B;b))%LmE( (%)

= — /K2 u) gn (b + hu) du.
Let Q = [ K? (u) du, it follows that

Qlgnly _ _ Qlanlo
nLh Ar2log (nL)’

[Var (gn (0))lo,c <

Step 3: Exponential-type Inequality

m!]n () + Rl |9n| g, -

(40)

(41)

In this step, we establish the exponential-type inequality for the probability of deviation of

Gn (b) — gn (b) in sup-norm over C. Let C be covered by T inner intervals of the form

By =B (b, A) ={be S(Guso): b€ [by —Aby + A},
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where b; € C and A > 0. Moreover, we consider minimal coverings for C, i.e., coverings for which

T is the smallest number denoted by T (C, A). Let

e(,,7) = +27|K|x + AR |9n|R,c/a

B A2 log (nL) )
2Q [gnlo + 4L | K]y / (3r)

P(,,7) = 2T (C,7h*/r)exp (

where ¢, 7 are strictly positive constants.

Step 3(a): From (40) and the triangular inequality, we obtain

Pr (r 1Gn () — gn (B)|g.c > € (e, T))

< Pr(r1ga () = Ega Ol + 7B () = gn Olo.c > € (1,7))

/N

< Pr(rlgn () = B Ol > € (67) = XM gl o) - (42)

Let G (b) — Egn (b) = (1/nL) 321 ¢, o, (b), where

oo 0= 1 [ (P52 ) -2 (52|

As the (; ,,1.’s are independent zero-mean variables, it follows from (41)

~ nLQ |gn|
Var (r{iynL) =nLr’Var (gn) < W(TLL(;.

By the triangular inequality we have

2r |K 2nL |K
vty < 21Kl _ 201Ky
h Arlog (nL)
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Hence the Bernstein inequality gives

Pr(r{gn (b) = Egn (b)] > ¢)

= Pr (’Zji Cimr (b) — Z:;Ll E(r¢;nr (b))‘ > TLLL>

n2L?.?

< 2exp| — 7

251 Var (r¢; 1) +4n2L20 | K|, / (3Arlog (nL))

A log (nL) )

< 2exp (—

2Q lgnly + 41K, / (3r)
_ Pl
- T(C,Th?/T)’

for any b € C, +, n, and L.
Step 3(b): Consider a minimal covering of C for some A > 0. For any b € By, we have by the

triangular inequality

nL

nLL Zizl Ci,nL (bt)

~ - r nL
7|Gn (b) — Egn (b)] < 1;1£T L Zi:l (Cz‘,nL (be) — Ci,nL (b)) )

+ sup sup
1<t<T bEB,

which implies that

Pr (T sup |gn, (b) — Egn (b)| > e (¢, 7) — AR l9n| 5 c’>
beC ’

r nL RasR )
< Pr{ sup sup |— , bs) — C; b))| >e(t,7) —t—=AN"M"|gn ,
= (lgth bEBIa)t nL Zi:l (Cz,nL ( t) Cz,nL( ))' ( ) ‘g ‘R,C
#2r (1 sup (g () = B (0] > ). (43)
1<t<T

Since

1_(B-b\ 1_(B-b A K|,
K - °K <
() - (50| < S

by the mean value theorem, we have by the triangular inequality

AIK], L AIK], _ 2A[K],
|Ci,nL (bt) - Ci,nL (b)| < h2 +E h2 = h2 :
Step 3(c): Let A = 7h?/r, it follows
r nL 2rA |K
sup sup |5 (¢ () G )] < PR —or

1<t<T beB,
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Hence

r nl Ry/R )
Pr( sup sup |— il (08) = Cinr 0))] >e(e,7) =t = X" M™ |gn|p o
(Jsup, 00 |- 3 (G 80 = o (00)| > ¢ 07 90l
r nL
= Pr( sup sup|— inn (08) —Cinp (D)) > 27K ) =0. 44
(Jsup, sup |- 3 (G 0 = o (00)| > 20 11, ) (44)

Then it follows from (42), (43), (44), and the Bernstein inequality that

Pr (T Gn (B) = gn (B)g.c > € (s, T))

r (r19n () = Egn (B, > € (1:7) = XM g )

IN
T

< Pr(r SUpy << |n (be) — Egn (be)| > )
T . _

< Zt:l Pr (T |gn (bt) - Egn (bt)| > [’)

< P(,7).

The covering number T (C,A) is of order A~ as the covered set C is an interval. Hence
T (C,7h?/r) = O((nL/log (nL))(RH)/(zRH)). By taking ¢ sufficiently large, P (¢, 7) converges as
nL — 0o. The desired result follows from the Borel-Cantelli lemma and the fact that e (¢, 7) = O (1).
|
Proof of Proposition 3. The proof presented here follows Guerre, Perrigne and Vuong’s (2000)

proof for the risk neutrality case. Let

_ 1
Vpl = B;Ul + mwn (Bl)l) ,

with ¢, () = G () /gn (-). Let ¢, () = G () /gn (-), with Gy, (-) and g, (-) given by (4) and (5)

respectively. Since C (V) is a closed inner subset of S (F') and s,, (+) is a strictly increasing continuous
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function, C' (B) = C (s, (V)) is a closed inner subset of S (G,,). From (3), we have

1C(V) (Vpl) ‘Vpl - Vpl‘

< ooy (Vi) (
Lo (Bpl)

n—1
o) (Bai D (By) — 4, (By)
+]-C(B) (Bp) (1 —1(Vp # 00))

n—1

Vor = Vo

+ |Vpl - ‘G)l‘)

Vpl 7& OO)

b (Byt) = b, (Byr)| + O(n™2)
i
1

'(Ln (Bpl) - wn (Bpl) + O(n_Z)'

It is easy to see that 1¢(py (Bpi) (1 — 1(V,; # 00)) = 0 almost surely for any p and [ as n, [ — oc.

Since Gy, () <1 and g, (-) has a positive lower bound ¢, by Proposition 2(ii), we have

1o (Bp) 1(Vy # 0)

_ Lo B 20 6 G, 4 (g, - )G
gn|§n| n n)9n n n n

Los) (Bpt) 1(‘7pl # 00) ‘ -

B (Byt) = (B)|

(Gn - Gn) |gn|0 + (gn - gn) .

CgCq

where ¢, = min {|g, (Bpi)|} — ¢4 > 0. It follows from Lemma B.1 and B.2 that
sup Loy (Bp) 1V # 00) | (Bp) = 4 (By)| = 0 (1),

Thus if L — oo and r/n — 0 as n — oo, we have almost surely for any closed inner subset C (V') of
S (F),

sup,; Loy (Vpr) ‘sz - Vpl’ =0 (1/nr), (45)

and, if L — oo and r/n — oo as n — oo, we have almost surely for any closed inner subset C (V') of
S(F),

suppl lc(v)(vpl) ‘Vpl — Vpl’ = O (1/712) . (46)
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Proof of Proposition 4. Following Guerre, Perrigne and Vuong (2000), let

LZZK < ) (47)

=1 p=1

be the “infeasible” nonparametric estimator of f using the true private values Vp;. Let C’ (V) be
an inner closed subset of S (F') containing all hypercubes of size ¢ (small enough) centered at v in
C (V). Define C” (V) analogously with respect to C’ (V). Hence C (V) C C" (V) c C" (V) C S (F).
For v € C (V) and n, L large enough, f (v) uses at most observations V,; in C’ (V) and hence at
most Vp; in C” (V') by the uniform convergence of pseudo-private values VPl to Vp; in Proposition 3.
Similarly, f (v) uses at most V,; in C” (V) for any v in C (V). Hence we have almost surely for n, L

large enough,

HOEHOI
e () (5]
= nLhR;pz:llc”(V) i) V”lhR Vi) 3(;23 (”;Zm)‘
anhR lzlglcw (Vl h%%vpz)z ’a;?z o

sup,,; 1on vy (Vi)

, V Vil 0Kg (v—Vy
< hr nLhRZZ’< p>’

2

+supp7l ]—C”(V)(Vpl) Vpl — Vi 9?Kp )
v
2h% ov? 0
Let
~ K K
K (z)= 3 R ‘ 5 R (u ‘
Thus we have almost surely, as K (z) is a well defined kernel,
1 & v—1V,
k() < rw) o
i 2 () 10|
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which implies nLlhR Zlel > op=1|0KR ((v = Vp) /hr) /Ov| converges uniformly on C (V') to
1o [ 1% w

Hence ﬁ Zlel > op=1 |0KR ((v = Vi) /hg) /Ov| is bounded almost surely. |02K g (v) /0v?], is

du.

bounded by the definition of Kg (-). We consider the following two cases:
(i) L - o0, and r/n — 0 as n — o0

From (45), we have almost surely

f( ) f( )‘ _0 l lognL (R—1)/(2R+1) o i lognL (2R-3)/(2R+1)
v v 0,c(V) n nL n? nL '

f f _ 1 (lognL\B-1/CRHD
)f(v)if(v)‘oycm -¢ (n( nL > .

If R>2 then (2R—-3)/(2R+1) > (R—1) /(2R + 1), which also implies that

. ~ _ 1 [lognlL (R=1)/(2R+1) B 1
)f(v)_f(v)‘O,C(V)_O<n( nL ) _O<nth>'

Since r/n — 0 implies 1/ (nhgr) — 0, we have almost surely

([f0-70), ., 70 =10 )

. (mlhR> Lo (i) —00Y),

where |f (v) — f (v) lo,c(vy = O (r~!) follows from analogous arguments used in the proof for Lemma

>
S
[
~
—~
<
—
IN

B.2.
(i) L — oo, and r/n — 00 as n — o0

From (46), we have almost surely
R . . -
If (v) = f (@) lo,cov) = O (n®hgr) +O(n*hy) "
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If (nhg)™" — 0, then |f (v) — f (v) o,cvy = O (thR)fl. Hence, if (r/n) (nhg)~" — 0, we have

almost surely that |f (v) — f (v) |o.c(v) = O (nzhpi)71 +0 (r 1) =0 (r~Y); and if (r/n) (nhg) " —
o,cvy =0 (712’13)71 +0(r/Y)y=0 (n2hR)71. On the

0, we have almost surely that |f (v) — f (v)
other hand, if (nhr)~" — oo, then |f (v) — f (v) lo.c(v) = O(n*h}) ™. We have almost surely that
1 (v) = f (v) lo.ovy =O0m*hE) "' +0 (r7') = O(n*h,)~". =
Proof of Proposition 6. Trivial extension of Proposition 2 in Guerre, Perrigne and Vuong (2000).
]

To prove Proposition 7 we need an auxiliary lemma on the uniform convergence of G,, (b, x,1)

Gn (b,2,i) and f (v, z) defined in (8) (9) and (55).
Lemma B.3 Suppose A1-Aj hold, and L — oo, (nhy)™' — 0 as n — co. We have almost surely

|Gy, (b, z,9) — Gy (b, z,9) o = O(1/rg),
|§n (b7 T, Z) — Ggn (b7 T, Z) |0,C = O (1/Tg)

If (v,z) = f(v,2)[oc = O(1/ry),

where C' is an arbitrary closed inner subset of S(G), ra = (L/ logL)(R+1)/(2R+d+2)

ry = (L/log L)R/(2R+d).

, and vy =

Proof. The proof relies on the argument of Guerre, Perrigne and Vuong’s (2000) proof for the
case of fixed n. However the problem is different as we are interested in the asymptotic properties
of the estimators allowing both n and L to approach infinity. The arguments are more involved
here, because G,, (-, -, -) shifts with sample size, and (B, X;, ;) and (Vp;, X;) observed in the same
auction are correlated. We divide the proof into three steps. The first step studies the uniform bias,
the second step studies the uniform variance bound, and the last step establishes exponential-type
inequality. As the proofs are similar, we only detail the proof for g, (-, -, ), as it is the most different
from Guerre, Perrigne and Vuong’s (2000) proof. The sup-norm is taken over the whole support of
the function unless otherwise indicated.

Step 1: Uniform Bias
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For any closed inner subset C' of S (Gw), let ng = min{n : C C S2} where S? is the interior of

S (Gp). ne exists because of Proposition 5(i). For n > nc,

1 B,—b X —=x
Eg, (b,z,i) = E K, (222 ,0)1 I—z‘]
inlbai) = Bty (B2 550 10 =9

= //Kg (%, 9,0) gn (b+ hgu, x + hgy, i) dudy.

Define v (t) = gy, (b + thgu,x + thgy,i)—gn (b, x,) for t € [0,1]. For L large enough, (b + thyu,x + thyy) €
(b,z) + S (hy) C C] for (b,z,i) € C and t € [0,1], where C/ is a closed inner subset of S (G, (-, -, 1)).

Since gy, (v, -, ) admits up to R continuous bounded derivatives with

R
|7‘R,[0,1} < hf [ (w, )l |gn|R,C’ .

Thus a Taylor expansion gives

10 =70 <50 0) 4+ g 0+

1
Rl v
where (") (0) is a polynomial of order r in (u,y). As K, (-, ) is of order R, moments of order strictly

smaller than R vanish. It follows that

|EGn (b,%,1) = gn (b, 2,1)|o ¢

[ 00 1) = O | < 18 ol [ N )15 a1 0)

R RasrR
= hg Mg ‘gn‘R,C’ = )‘g Mg |gn|R,C’ /’I“g, (48)

where M} = (1/R!) [ ||(u,y)] "\ K, (u,y,0)| dudy.

Step 2: Uniform Variance
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For (b,z,7) € C, we have

Var (gn (b, z,1))

I

~

>

[\v]

D

x

&=
7N T N
et
. 3|
> =
=
N
==
@ |
“G"
>

>

< |
)

o

1 1I=i) s & (Bpl—b X, —x ) (Bql—b X -z )
+ E : K , 0) K, (217 .0
th(dﬂ) (n2)? 4P ! hyg hy ! hg hg

p=1g=1,

_ 2
= m’Lh‘jH/Kg (w,9,0) gn (b+ hgu,z + hgy, ) dudy

(
mfl
TI/L Lhd/K u17y7 (U’Zvy’O)

Xgn,B|(x,1) (b + hgui|z + hgy, 1) gn BI(x,1) (b+ hgualz + hey, i) gn (x,1) (2 + hgy, 1) duiduady.
Let Qg = [ K7 (u,y,0) dudy and Qg = [ K (u1,y,0) Ky (uz,y,0) duydusdy.

i 2
Qg1 |gn|0 (ni = 1)Qq2 In,B|(Xx,1)In.(X,I) o
(ni)Lhg™! (ni)Lhd

[Var (gn (b,z,1))|g,c <

Step 8: Exponential-type Inequality
In this step, we establish the exponential-type inequalities for the probabilities of deviations of
Gn (b,2,4) — gp (b, x,4) in sup-norm over C;, where C; = {(b,z) : (b, z,i) € C}. Let C; be covered by

T inner “balls” of the form

BitEBi((bt,l't);A):{(b,x)ES(G ) bE[ Abt+A] [t—A,$t+A]},
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where (b, z;) € C;, and A > 0 for t = 1,--- ,T. Moreover, we consider minimal coverings for C;,

i.e., coverings for which T is the smallest number denoted by T (C;, A). Let

eg(1,7) = 14+2(d+ 1)1 Ky, + AIME gol g o s
P,(e,7) = 2T (Ci,7h5+2/7”g)
d
)\gL2 log L
xexp | —

2Qqg1 |gnlo /(nihg) +2(1 4+ 1/1i)Q g2 gi,B\(X,I)gn,(XJ) . +4u|Kyl, / (3rghy)

where ¢ and 7 are strictly positive constants.

Step 3(a): From (48) and the triangular inequality, we obtain

Pr (rg |Gn — gn‘o,c > eg (1,77')) < Pr (T‘g |Gn — E§n|07c + 7y |Egn — gn‘o,c > eg (1,77'))

< Pr(rglgn — Eduloc > €9 (17) = NEMP gal o) - (50)

Let gn (b,2,7) — Egn (b,x,7) = (1/L)XF _, ¢,on (b, 2,7), where

1 Bpm —b X —x
b,z,i) = —— K AL ,0)1(1, =1
CmL ( ) nihg+1 Z; { g ( hg hg > ( )
B,—b X —=x
—-E(K, |2 ——0)1(I=49)] ;.
(s (B 0 -0))
As the (,,;’s are independent zero-mean variables for m = 1,--- , L, it follows from (49)

LTSQQ]. |g’ﬂ|0 (nl o 1>Lr§Qg2 gi)B‘(X)I)gn’(X’I) 0
(nihg)Lhd (ni)Lhd

Var (reCpmr (b,x,1)) = LrgVar(gn)

IN

LQg1 |gnlo (ni — 1)LQg2 |9 p(x,1)In.(X.D) ‘0
(mhg))‘;l log L (ni))\g log L '

By the triangular inequality we have

2L Ky,

2r
rgCop (b,2,0)| < =% | K|, = ————20
| QC L( )| hg+1| g|() )\nghglogL
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Hence the Bernstein inequality gives

Pr (Tg |gn (b,x,z) - Egn (b,.’b, Z)l > L)

L L
= Pr < Z TngL (b,$,i) - Z E (’r‘ng,L (b,x,z)) > LL)
m=1 m=1
L2
< 2exp | — 7
25 r o Var (rCor) + ALKyl / (3Ngrghy log L)
X912 log L
< 2exp | — g 08
2Qq1 lgnlo /(nihg) +2(1 4 1/ni)Qg2 gi,B|(X,I)gn»(XJ) ‘0 +4u|Kgly / (3rghy)
Py (1, 7)

T (Cia Thg”/%) ,

for any (b, z,i) € C, ¢, n, and L.

Step 3(b): Consider a minimal covering of C' for some A > 0. For any b € By, we have

T L .
fg Zm:l CmL (bta Tty Z)

Ty

L Zrl;:l (CmL (bt7 Tt Z) - CmL (b, x, ’L)) .

Tg |§n (ba z, 7’) - Egn (b7 z, Z‘)|07Ci S 1iu£)T
<t<

+ sup sup
1<t<T (b,x)€B;+

This gives

Pr (74 [9u (b,2,1) = Bga (0,2, D)l.c, > € (1,7) = AT M gul o)

< Pr| sup sup
1<t<T (b,z)€B;1

T L ) .
fg Zm:l (CmL (btaxhl) - CmL (b7w72))‘ >e€ (LvT) -l A;%Mf gn|R7C/>

+Pr (rg sup |Gn (b, z4,%) — Egy (by, xy,1)| > L) . (51)

1<t<T

For any (b,z) € By, it follows from the mean value theorem

1 B—b X -z > 1 <Bb X -z )‘ (d+1)A
K, : 0) - ==K, : )| < S 1Kl -
hgt! 9( hg hg RO\ hg T by hyt? ol

The triangular inequality gives

. , (d+1)A (d+1)A 2(d+1)A
|(Conr (bt T, 7) — Cpp, (b, 2,9))] < W \Kg|1 + EW \th = W |Kg|1 .
9 9 g
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Step 3(c): Let A = 7h¥™2/ry, it follows that

T L ) . 2ry(d+1)A
_J — < — 7 =
sup sup 17> (G (b ) CmL(b,x,Z))‘_ pre Vol =200+ D7 K,
Hence
r L
P -l by, 1) — bz, i))| >e(1,7) —1— AEME g, ,>=o.
(s, s 230 s (i) = G i) €007) = 0= A

(52)

Then it follows from (50), (51), (52), and the Bernstein inequality that

Pr (rg |Gn — 9n|0,C > eq (L,T)) < Pr (rg |Gn (b,2,4) — Egyn (b7x,i)|0,ci >e(,T)— )\f‘Mf |9n|R,C/)

IN

Pr (rg sup |gn (bt, 2t,1) — Egp, (bt, 2¢,1)] > L)

1<t<T

T
< thl Pr (74 |gn (be, 2¢,3) — Egn (bg, x4,9)| > ) < P (1, 7).

As the dimension of the covered set C' is d 4 1, the covering number T' (C, A) is of order A~(@+1),
Hence T (C,7h%*?/ry) = O(L/log L)\¢+1)(F+d+2)/@R+d) By taking . sufficiently large, P (1, 7)
converges as L — oo. The desired result follows from the Borel-Cantelli lemma and the fact that
e(t,7)=0(1). m
Proof of Proposition 7. First, the uniform consistency of pseudo-private values follows from
similar arguments as used in the proof of Proposition 3. If L — oo, ry/n — 0 as n — oo, we have

almost surely for any closed inner subset C (V') of S (F),

Vit = Vi

sup,; Loy (Vipr, X1) =0 (1/nry), (53)

and, if L — o0, rg/n — 00 as n — oo, we have almost surely for any closed inner subset C (V') of
S (F),

Vpl - Vp

sup,; Loy (Vir, Xi) =0 (1/n?). (54)

To establish the uniform consistency of the two-step estimator, let

L nl;
- 1 1 Vo—v Xj—=x
=Y S K (2 55
f(U,Jf) nLhd 1 I, f( hf ’ hf ) ( )
foi=1""p=1
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be the “infeasible” nonparametric estimator of f using the true private values V,;. Let C’ (V') be an

inner closed subset of S (F') containing all hypercubes of size § (small enough) centered at (v, z) in

C (V). Define C” (V') analogously with respect to C' (V). Hence C' (V) Cc C' (V) c C" (V) C S(F).

For (v,z) € C (V) and n, L large enough, f (v,z) uses at most observations (Vpr, X;) in €' (V) and

hence at most (Vp;, X;) is in C” (V') by the uniform convergence of pseudo-private values Vpl to V.

Similarly, f (v,z) uses at most (V,, X;) in C” (V) for any (v,x) in C (V). Hence we have almost

surely for n, L large enough,

f(v,x) - f(’U,LE)

L nIL

1 Vl—v Xl—ax (Vl—v Xl—x
- Lo (Vo, Xo) | Kp | 22—, O
nLhd+1Z pz; cr(v) (Voi, X1) f( hy hy ) I\ " hy
L nl;
1 1 (Vl l)aKf pl—U Xl—l'
< Lon vy (Vo Xi) 2 L )
nLhd'|r1 lz; pz:l (V) Fp h¢ ov hy hy
L nl;
1 (Vo = V)2 |0*°K; [ X —x
2nLhdJrl Z Zlc”(v (Vai, X1) h? Ov? Y h
Lt ! f 0
Suppllc’/(V)(‘/prl) ’Vpl pl‘ nl

< : hf nLthl ZII Z

+5uPpl10”(V)(VP17Xl ‘Vpl sz’ 1 Z 82Kf< Xl—a:>
3 d 2 \ ¥
2hf th =1 v hf

(9Kf plf”l} lel’
3 hf

0

The two sums may be viewed as kernel estimators and hence uniformly bounded on C(V).

consider the following two cases:
(i) L — o0, and 7¢/n — 0 as n — oo

From (53), we have almost surely

) . 1 [logL (R—=1)/(2R+d) 1 [log L\ ®R-3)/CR+d)
f(v,x)—f(v,x))w(v)—O(n (=2%) vo( L (tst .

If R =1, then ry/n — 0 implies that

N = 1 (lognL (R=1)/(2R+1)
f(vax)_f(vvx))oc(v)zo<n< nl ) .

44

We



If R> 2 then (2R—-3)/(2R+d) > (R—1) /(2R + d), which also implies that

(R—-1)/(2R+4d)
A ~ B 1 (lognL B 1
’f(v’x)_f(vvx)’O,C(V) O(TL ( nlL ) ) O(n’l“fhf> '

Since r¢/n — 0 implies 1/ (nhy) — 0, we have almost surely

A

)= Fal, o+ [Fen - o) )

f
(m"fhf) (7"1f> =0ty

where |f (v,z) — f (v, z) lo,c(v) = O(r;l) follows from Lemma B.3.

foa-rwal o< (

(i) L — o0, and ry/n — 0o as n — o0
From (54), we have almost surely

1

If (v,2) = f (v,2)|o,cvry = O (n2hf)_1 +0(@*h}) "t =0 (n’hy)

as (nhf)_1 — 0. Hence, if (r/n) (nhf)_1 — 0, we have almost surely that | f (v, z)—f (v, z) lo,covy =

@) <n2hf)_1 + 0(7“]71) = O(r;l); and if (r;/n) (nhy)™" — oo, we have almost surely that |f (v, z) —

f (va) \O,C(v) =0 (n2hf)_1 + O(Tfl) =0 (nzhf)_l' u
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